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Abstract
Gravitational wave observations of the near-horizon region of black holes lend insight into
the quantum nature of gravity. In particular, gravitational wave echoes have been identified
as a potential signature of quantum gravity-inspired structure near the horizon. In this
paper, we connect such observables to the language of black hole microstates in string
theory and holography. To that end, we propose a toy model describing the AdS3 near-
horizon region of five-dimensional black holes, inspired by earlier work of Solodukhin. This
model captures key features of recently constructed microstate geometries, and allows us
to make three observations. First, we relate the language of AdS/CFT, in particular the
holographic retarded two-point correlator, to effective parameters modeling the structure
that are used in flat space gravitational wave literature. Second, we find that for a typical
microstate, the ‘cap’ of the microstructure is exponentially close to the horizon, making it
an effective sub-Planckian correction to the black hole geometry, although the microstate
geometry itself is classical. Third, using a microcanonical ensemble average over geometries,
we find support for the claim that the gravitational wave echo amplitude in a typical
quantum microstate of the black hole is exponentially suppressed by the black hole entropy.
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1 Introduction
Gravitational wave echoes in the late ringdown signal have been at the heart of searches
for quantum structure near black hole horizons since the work of [1, 2] and the claim that
they were observed in the first LIGO run [3], see [4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. Although a
more detailed data analysis so far has tempered expectations and has shown no conclusive
evidence of such effects in gravitational wave (GW) observations [14, 15, 16, 17, 18, 19, 20,
21, 22, 23, 24], echoes remain a prime target for future gravitational wave searches.
For echoes to appear in the late-time ringdown signal, one needs a change in the ab-
sorbing boundary conditions of the wave equation at the location of the event horizon.
Echoes follow naturally from waves being temporarily trapped in the cavity that forms
between the light-ring and the reflective structure, while the quasinormal frequencies of
the structure are determined by the inverse travel time in that cavity and the behaviour
near the light ring. Potentially detectable effects extend beyond echoes, and include tidal
effects such as tidal deformabilities, tidal heating and inspiral resonances. We refer to the
reviews [25, 26] for more references.
How well do we expect gravitational waves to probe the near-horizon structure of black
holes, from a fundamental theory point of view? One can (and should) wonder how sen-
sible these reflections, and effects associated with them, can be in a quantum theory of
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gravity. Since we expect the black hole to be described by a microstate or ensemble of
microstates, it is crucial to understand the microscopic and statistical physics underlying
the thermodynamic description of black holes in semi-classical gravity.
In string theory, certain microstates can be described as geometries with structure at
the horizon scale. Those are the ‘microstate geometries’ that are built within the fuzzball
program [27, 28, 29, 30, 31] and they indeed share similar reflective properties with other
compact objects. The scattering of scalar waves, including the appearance of echoes, was
studied in certain microstate geometries in gravity and their holographically dual CFT state
in the early days of the fuzzball proposal over 15 years ago [32, 33, 34, 35, 36]; trapping,
the slow decay and quasinormal frequencies were discussed in [37, 38, 39, 40, 41, 42]. This
was recently extended to more intricate “superstratum” solutions in [43, 44].
However, all of the solutions in question are smooth, classical geometries and thus
correspond to coherent states. Scattering of waves off a typical microstate of a black hole
may behave quite differently; studying this would require methods that go beyond classical
geometries. Quantum effects might well wash out the geometric structure near the location
of the horizon, leading to corrections to the semi-classical gravitational observables that
are exponentially suppressed in the entropy as e−SBH/2 [45, 46, 47]. This would make a
typical microstate all but indistinguishable from the black hole [48]; see for example the
construction of operators for asymptotically Anti-de Sitter black holes in [49, 50, 51, 52,
53, 54, 55]. This cast doubt on whether gravitational waves can actually successfully probe
and capture information on the particular black hole microstate or fuzzball describing an
astrophysical black hole.
In this paper, we want to provide a step towards making these statements and ques-
tions quantitative. We revisit the scattering of scalar waves, and focus on how a classical,
asymptotic observer would interact with the microstates of the black hole offered to us by
string theory. Such string theory microstates are best understood through the notion of
holography; the degrees of freedom of the near-horizon region of black hole spacetimes are
described by a spacetime that is asymptotically Anti-de Sitter (AdS), which is holograph-
ically dual to a conformal field theory (CFT) living on its boundary. At present, it is not
possible to look into this for four-dimensional Kerr black holes, as the microstates of that
system have not been mapped out in detail (although see [56, 57, 58] for recent work in this
direction). Therefore, we keep our focus on arguably the most studied black hole in string
theory: the five-dimensional asymptotically flat three-charge black hole. Near the horizon,
the fibration of one of the internal dimensions over five-dimensional spacetime leads to an
AdS3 × S3 region, dual to the two-dimensional D1-D5 orbifold CFT. This near-horizon
limit, obtained after a specific decoupling limit, is described by the three-dimensional BTZ
black hole; so it is more appropriate to speak of the BTZ3 × S3 decoupling region.
For concreteness, we consider the scattering of massless scalar fields as a first step
towards richer probes such as GWs (in addition, GW perturbations also have a massless
scalar component). To highlight the relation between asymptotically flat observables and
the CFT data, we wil consider a massless scalar field coming in from (flat) infinity in a
five-dimensional three-charge black hole background, and descending into the decoupling
region. We will describe how the asymptotic behaviour is related to the holographically
dual field theory. This link between holography in the BTZ decoupling limit and flat
space has been pointed out before by using matched asymptotic expansions between the
decoupling region and the asymptotically flat region [32, 33, 34, 35, 36], and very recently
using a hybrid WKB method for microstates that do not have a separable wave equation
outside the decoupling region [43, 44].
We expand on those ideas in a controlled toy-model setup. It is known that the quasi-
normal modes (QNMs) of the scalar wave equation in the BTZ region are identical to the
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poles of the frequency space retarded two-point correlator in the two-dimensional CFT
[59, 60]. Therefore, most of our attention will go to discussing the solutions of the wave
equation in the decoupling limit, which can be posed as a Schro¨dinger problem, and re-
lating these solutions to the two-point correlator. For reasons of computation, we chose
not to do this in a specific microstate solution. We study instead a rotating variation of
the asymptotically AdS wormhole solution introduced by Solodukhin in [61], whose four-
dimensional variation by Damour and Solodukhin had one of the first discussions of GW
echoes [62, 9]. The benefit of this simple solution is that we have one controllable param-
eter λ which determines the position of the throat and hence the deviation from a black
hole, while we still capture some of the main features expected from classical microstate
geometries in AdS3 × S3.
Using our model, we deliver three key messages that we summarize in section 1.1; the
structure of the rest of the paper is outlined in section 1.2.
1.1 Results
Toy models can capture many qualitative features of black hole microstates.
Black hole microstates in string theory are generally very complicated objects, and calcu-
lating correlators in them is challenging [43]. However, toy models such as the Solodukhin
wormhole can capture qualitative features of these microstates, facilitating analysis of cor-
relators. For example, we show that the structure of the scalar two-point correlator in
the extremal BTZ Solodukhin wormhole mimicks very well the structure of the correlator
in the (much more complicated) superstratum geometry, using the ‘hybrid’ WKB method
developed in [43].
Using a matched asymptotic expansion, we find the precise way in which the flat space
QNMs, and hence the time-behaviour, are related to the solution of the scalar wave equation
in the decoupling limit. The real part of the QNMs is given to excellent approximation by
the real part of the QNMs in the decoupling region, Reω ∼ (ttravel)−1, where ttravel is the
travel time from the AdS boundary to the wormhole throat, which acts as a placeholder
for the location of a microstate cap. The imaginary part, which determines the decay of
the asymptotic wave function, only arises through the precise (small) coupling of AdS to
asymptotically flat spacetime, congruent with earlier discussions [32, 33, 34, 35, 36, 44].
This is not surprising, as the modes in the decoupling limit become normal modes without
decay since AdS3 acts as a confining box. The decay timescale in flat space then depends
on the travel time down the throat that connects the decoupling region to flat space:
ttravel ∼ (Reω)−1 , tdecay ∼ (Imω)−1 ∼ t−2`−3travel , (1.1)
with ` the S3 wave number. This is in agreement with earlier observations and generic
arguments for other compact objects based on crude estimates for the tunneling out of
a potential barrier [26], as well as recent findings for microstate geometries which relate
the travel time to the redshift or mass gap (the energy of the lowest excitation down the
throat), tdecay ∼ E−1gap [44].
Asymptotic AdS spacetimes and holography can give a window into flat space
gravitational wave physics. Within our setup, we relate the language of the CFT
description dual to the AdS3 (or BTZ) regions to recent results on black hole mimickers
and exotic compact objects in flat space. In section 5, we show these descriptions are
equivalent and we give the explicit dictionary relating them:
• If we assume that the microstates of a black hole are similar to the black hole near the
asymptotic AdS3 boundary — and hence approximate the BTZ black hole spacetime
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— then it is possible to model the complicated ECO potential by the black hole
potential with different boundary conditions in the deep IR (replacing the ingoing
boundary condition at the horizon). In this way, both the asymptotic behaviour of
the wave equation at late times (including e.g. the echo structure and its frequency
modulation) and the (approximate) QNMs are determined by the effective ECO
reflectivity coefficient R [8]. We will discuss precisely how this reflection coefficient is
related to the holographic correlator and the details of the microstate geometry. This
shows how the phenomenological description of GW echoes directly probes the field
theory dual for the controllable setup of supersymmetric three-charge black hole.
• The structure of echoes in compact objects is sometimes catalogued by the distance
of those corrections to the corresponding black hole’s horizon. Using our toy model
and the (known) travel time in superstrata [43], we find support for the idea that
using the viewpoint that microstate geometries are ‘a black hole plus corrections’, the
microstructure would sit exponentially close to the horizon — in terms of the proper
distance from the horizon (see section 6.1):
∆s ∼ exp(−αSBH), (1.2)
with α a number that depends on how far away from extremality the black hole
is, and SBH the Bekenstein-Hawking entropy of the five-dimensional black hole (see
eq. (6.16) below). Although it might seem impossible to have a classical geome-
try with such sub-planckian corrections in gravity, the microstate geometry itself is
completely smooth and suffers no pathologies. Hence, microstate geometries offer a
(semi-)classical description of seemingly quantum-sized corrections.1
A typical BH microstate will likely not lead to a discernible GW echo signal.
There have been many papers analyzing possible expected gravitational wave signals from
echoes in black hole mimickers or microstates (see for example [63, 6, 64]). However, statis-
tical arguments suggest that a typical black hole microstate will in general be a quantum
superposition of many such microstates and thus have no discernible echo structure — see
section 6.2.
To address this question, we use our setup to perform an ensemble averaging over the
parameter λ and comment on the possibility of seeing echoes. The known instabilities
of atypical microstate geometries [39] can be interpreted as leading to a final state that
explores the phase space of all solutions [65] and generically ends up in a typical state.
Transitions between states are reached through quantum tunneling [66, 67, 68]. Even
though one could imagine that such transitions temporarily lead to a branch of the wave
function describing the black hole that localizes on a microstate geometry, for instance
by a GW burst following the collision and merger of two black holes [69], there is no
reason to expect such a state to be long-lived and produce standard GW echoes. Rather,
following relaxation, the response should be determined by the black hole behaviour, with
the variance around the black hole mean of classical observables is exponentially suppressed.
We show how after averaging over the wormhole parameter λ in a microcanonical ensemble
setup, the echo details are washed out, as the amplitude drastically decreases and can be
exponentially suppressed; we also comment on the connection to recent discussions in
four-dimensional gravity literature.
1Microstate geometries can have sub-planckian modes, from waves being trapped near the evanescent
ergosurface. However, such modes are beyond the supergravity approximation.
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1.2 Paper Structure
The rest of the paper is roughly divided into two parts.
In the first part, we focus on the string theoretic calculation of the approximate propa-
gator for the extremal BTZ wormhole and discussing its coupling to flat space. In section 2,
we review the BTZ black hole and introduce its corresponding Solodukhin-type wormholes
as asymptotically AdS3 spacetimes. Then, in section 3, we use the hybrid WKB method of
[43] to calculate the correlator and quasinormal modes of the extremal rotating wormhole.
We show how this correlator in asymptotically AdS3 spacetime actually captures flat space
physics by explicitly showing their link using a matched asymptotic expansion in section
4.
In the second part of this paper, we discuss the link between AdS and flat space grav-
itational wave physics, as well as the feasability of observing echoes in gravitational wave
signals. Section 5 reviews the language of flat space gravitational wave (echoes) and makes
the link with AdS correlator physics explicit. Finally, in section 6 we discuss the location
of the microstructure in relation to the black hole horizon, and our averaging procedure
that indicates the echo signal is heavily damped in a typical microstate background.
2 BTZ Black Holes and Wormholes
Here, we introduce the asymptotically AdS3 geometries that we will use extensively in the
rest of the paper. First, we review the BTZ black hole. Then, we consider asymptotically
BTZ wormholes which are taken and generalized from [61]; we also extend this wormhole
to the extremally rotating limit which will allow us to connect to the five-dimensional
microstates discussed later in this paper. Along the way, we discuss a few basic properties
of the wormholes that we will need later on.
2.1 The BTZ Black Hole
Our starting point is the BTZ black hole [70, 71] with metric:
ds2 = −X(r) dt2 + dr
2
Y (r)
+ r2(dϕ+Nϕ(r) dt)
2
X(r) = Y (r) =
(r2 − r2+)(r2 − r2−)
R2r2
, Nϕ(r) = −r+r−
Rr2
,

r ∈ [r+,∞)
t ∈ (−∞,∞)
ϕ ∼ ϕ+ 2pi,
(2.1)
where R is the AdS radius. These coordinates cover the patch outside the horizon (r > r+).
One can use Kruskal coordinates in the standard way to maximally extend the spacetime,
obtaining two outside (left and right) regions which each have a separate asymptotic AdS3
region — this can be interpreted as two entangled black holes connected by a non-traversible
Einstein-Rosen bridge [72]; see also figure 1. The asymptotic mass and angular momentum
of the black hole, in units where 8G3 = 1, are
M =
r2+ + r
2
−
R2
, J =
2r+r−
R
, (2.2)
while the temperature and the entropy of the black hole are given by
T =
r2+ − r2−
2piR2r+
, S = 4pir+. (2.3)
In the holographically dual CFT2, the black hole corresponds to a thermal state with the
same temperature. There are two special cases of interest we highlight for further use in
this paper:
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• r− = 0 (J = 0): the non-rotating, static BTZ black hole (see figure 1).
• r+ = r− (J = MR): the extremal BTZ black hole.
r
=
−r+
r
=
r+
r
=
r
+
r
= −
r
+
r
=
−∞
r
=
∞
r = 0
r = 0
t
t
−r r
Figure 1: Conformal diagram of the extended non-rotating BTZ black hole. The two
asymptotically AdS3 regions are near the lines r = ±∞. The singularity is at r = 0. The
dashed lines are lines of constant time and radius.
2.2 Wormholes with BTZ Asymptotics
By changing the metric factor X(r) in (2.1), we can alter the BTZ geometry to be a
Solodukhin wormhole. For the extremal case, we will also need to change Y (r). We will
discuss the two cases described earlier: the non-extremal non-rotating wormhole (r− = 0)
and extremal rotating wormhole (r+ = r−).
2.2.1 The non-rotating Solodukhin wormhole
It is straightforward to modify the non-rotating BTZ metric (2.1) with r− = 0 into a
wormhole as proposed originally by Solodukhin [61]:
ds2 = −X(r) dt2 + dr
2
Y (r)
+ r2 dϕ2
X(r) =
r2 − r2λ
R2
, Y (r) =
r2 − r2+
R2
,
r2λ ≡ r2+(1− λ2),

r ∈ (−∞,−r+] ∪ [r+,∞)
t ∈ (−∞,∞)
ϕ ∼ ϕ+ 2pi,
(2.4)
This is a one-parameter family of modifications parametrized by the small dimensionless
parameter λ > 0. Just as in the original wormhole of [61], when r  r+ the metric looks
almost like that of the original black hole since λ is small. However, the global structure of
spacetime is very different: there is no longer a horizon at r = r+ since X(r+) > 0. Rather,
at this position, we smoothly glue a second copy of this spacetime (with r < −r+), thus
creating a traversible wormhole. See section 2.3 for more details on how the two copies are
“glued” together in practice. We discuss the physical significance of the parameter λ and
its relation to quantum corrections to the corresponding BTZ black hole in section 6.1.
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The stress energy tensor that supports this geometry is given by:
Tµν = Rµν − 1
2
Rgµν + Λgµν = λ
2

0 0 0
0 − r
2
+
ρ2(ρ2 + λ2r2+)
0
0 0
(1− λ2)r4+(ρ2 + r2+)
R2(ρ2 + λ2r2+)
2
, (2.5)
where we have defined ρ2 ≡ r2− r2+. As can be expected, the wormhole is no longer a vac-
uum AdS3 solution to Einstein gravity (in contrast to the BTZ metric), but rather requires
the presence of exotic matter with negative pressure. We can also calculate the stress
tensor in the holographically dual boundary CFT2, following the standard prescription
[73, 74]:
2piRT holoµν = pi
r2+
R2
(
1 0
0 R2(1− 2λ2)
)
. (2.6)
From this we see that the holographic stress tensor has O(λ2) corrections compared to the
corresponding (BTZ) black hole.
The parameter λ determines the length of the wormhole. To see this, we can define the
tortoise coordinate r∗(r) for r > r+ as:
r(r>r+)∗ (r) =
∫ r
r+
dr′
1√
X(r′)Y (r′)
=
R2
r+
√
1− λ2
[
K
(
1
1− λ2
)
− F
(
arcsin
(
r
r+
)
;
1
1− λ2
)]
, (2.7)
where K(·) is a complete elliptic integral of the first kind and F (·; ·) is an elliptic integral
of the first kind. The tortoise coordinate can then be extended over the entire wormhole
spacetime as:
r∗(r) = θ(r − r+)r(r>r+)∗ (r)− θ(−r − r+)r(r>r+)∗ (−r), (2.8)
where θ(·) is a Heaviside function. The tortoise coordinate ranges continuously in [−Lλ/2, Lλ/2],
where the asymptotic AdS3 boundary r → +∞ is at Lλ/2, with:
Lλ = 2
R2
r+
√
1− λ2
[
K
(
1
1− λ2
)
+ iK
(
− λ
2
1− λ2
)]
=
R2
r+
log
16
λ2
+O(λ2) . (2.9)
We call Lλ the wormhole throat length. It corresponds to the travel time from one AdS
boundary to the boundary on the other side, as measured by an observer at the asymptotic
boundary of AdS (either one). For that reason, it was dubbed the ‘optical length’ in [61].
The finiteness of the range of the tortoise coordinate distinguishes the wormhole from
the black hole (for which the corresponding tortoise coordinate goes to r∗ → −∞ at the
horizon). In figure 2 we give conformal diagrams of the non-rotating wormhole using, resp.,
r and r∗ as radial coordinates.
The QNMs of this non-rotating wormhole were determined by a WKB method in [61];
we will focus on the extremal rotating limit from now on.
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r
=
r +
r
= −
r
+
t t
−r r
r
=
−∞
r
=
∞
r ∗
=
−L
λ
/2
r ∗
=
0
r ∗
=
L
λ
/2
t
r∗−r∗
Figure 2: Conformal diagrams of the Lorentzian non-rotating wormhole in terms of r (left)
and r∗ (right) coordinates. In the r coordinate we see that the wormhole is created by a
left and a right BTZ wedge glued together (the blue solid line) slightly outside of the BTZ
horizon. The r∗ coordinate, which ranges continuously in [−Lλ/2, Lλ/2], makes the causal
structure more apparent: the glued surfaces r = ±r+ (on the left) both coincide with the
surface r∗ = 0 (on the right). The gluing is smooth and a radial light-ray (yellow) can
explore the entire wormhole by bouncing infinitely many times between the two boundaries.
2.2.2 The extremal Solodukhin wormhole
As we are interested in modelling extremally rotating BTZ black holes in string theory, we
can also construct a wormhole based on the extremal BTZ black hole with r− = r+:
ds2 = −X(r) dt2 + dr
2
Y (r)
+ r2
(
dϕ− r
2
+
Rr2
dt
)2
X(r) =
(r2 − r2λ)2
R2r2
, Y (r) =
(r2 − r2λ)(r2 − r2+)
R2r2
,
r2λ ≡ r2+(1− λ2),

r ∈ (−∞,−r+] ∪ [r+,∞)
t ∈ (−∞,∞)
ϕ ∼ ϕ+ 2pi,
(2.10)
We chose to construct the extremal wormhole in such a way that the gluing point r = r+
is a simple zero of Y (r).2 The discussion of the extremal wormhole proceeds very similarly
2This is a choice; other constructions are also possible. We made this choice since when r = r+ is a
simple zero of Y (r), it is somewhat easier to integrate the tortoise coordinate expression.
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to the above discussion for the non-rotating wormhole; in particular, the wormhole throat
at r = r+ is glued to a second copy of the spacetime with r < −r+.
The wormhole throat length is qualitatively different in the extremal limit. To see this,
once again define the tortoise coordinate:
r(r>r+)∗ (r) =
∫ r
r+
dr′
1√
X(r′)Y (r′)
(2.11)
=
(
R2
r+
1
λ2
+O(λ0, log λ)
)
+
R2
r2+ − r2λ
(
r
√
r2 − r2+
r2 − r2λ
− r+E
(
sin−1
r
rλ
,
r2λ
r2+
))
,
where E(·, ·) is the elliptic integral of the second kind. The asymptotic AdS3 boundary is
located at r∗ = Lλ/2 with:
Lλ = 2
R2
r+
1
λ2
+O(λ0, log λ). (2.12)
Since the time coordinate t corresponds to the asymptotic time of the D1-D5-P black hole
metric (see section 4), the throat length Lλ is now a measure of the travel time from the
AdS boundary to other boundary, both as measured by an observer at the AdS boundary,
and an observer in the asymptotically flat spacetime of the D1-D5-P black hole.
The throat length is polynomially dependent on (the inverse of) λ, as opposed to the
logarithmic dependence for the non-rotating wormhole (2.9). This behavior is typical for
redshifts associated to extremal black hole horizons. When λ2  (r− r+)/r+  1, we can
write the approximate inverse relation:
r(r∗) ≈ R
2
4
1
Lλ/2− r∗
(
1 +
√
1 + 16
r2+(r∗ − Lλ/2)2
R4
)
, (2.13)
From here we see that for r− r+ ∼ O(λ0), we must also have r∗ ∼ O(Lλ) ∼ O(λ−2). From
(2.11), we can also see that r∗ ∼ O(λ0) when r − r+ ∼ O(λ6).
2.3 The Scalar Wave Equation
We will be considering a probe scalar Φ on the BTZ metric background (2.1) or the
wormhole metrics (2.4) and (2.10), with general equation of motion:
∇2Φ = m2Φ. (2.14)
We can solve this by a separation of variables:
Φ(t, r, ϕ) = e−iωt+ikϕΦr(r), (2.15)
where the radial function Φr(r) must satisfy the differential equation:
Φ′′r +
(
1
r
+
X ′
2X
+
Y ′
2Y
)
Φ′r +
(
ω2
XY
− k
2
r2Y
− m
2
Y
+ kNϕ
2ω + kNϕ
XY
)
Φr = 0. (2.16)
Relating wormhole to BTZ solutions and matching conditions We will be inter-
ested in finding the scalar wave solutions to (2.16) in both the black hole and wormhole
metrics. For the BTZ black hole, the solutions to (2.16) are explicitly known. Here, we
will discuss how the solutions to the corresponding wormhole are related to these black
hole solutions.
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Let us work in the non-rotating asymptotically AdS3 wormhole given by (2.4) for defini-
tiveness. We work with the wormhole tortoise coordinate rWH∗ (r) introduced in (2.7), which
can be expanded over the entire wormhole as in (2.8). Note that rWH∗ = 0 indicates the
center of the wormhole throat or the “gluing point”. The corresponding (non-rotating)
black hole (2.1) has tortoise coordinate:
rBH∗ (r) =
R2
2r+
log
(
r − r+
r + r+
)
+
Lλ
2
, (2.17)
where we have used the constant of integration to set rBH∗ (r → ∞) = rWH∗ (r → ∞) =
Lλ/2 +O(λ2), with the throat length defined in (2.9).
Now, the radial scalar wave equation (2.16) can be rewritten using Φr(r) = h(r)φ(r∗),
with h(r) =
√
R/r, as:
∂2r∗φ(r∗)− V (r∗)φ(r∗) = 0, (2.18)
for both the black hole and wormhole geometries (using the respective tortoise coordinate
for each). Now, we can easily see that on one side of the wormhole, V WH(rWH∗ (r)) =
V BH(rBH∗ (r)) +O(λ2), so that over the entire wormhole:
V WH(rWH∗ ) = θ(r
WH
∗ )V
BH
(
rBH∗ = r
WH
∗
)
+ (rWH∗ → −rWH∗ ) +O(λ2). (2.19)
Thus, the general solution φBH(r) to the black hole radial equation (2.18) are also the
general solutions (to O(λ2)) to the wormhole radial equation, so φWH(r) = φBH(r) on
the right side of the wormhole, and φWH(−r) = φBH(r) on the other side. Additionally,
the general solution of the wormhole radial equation (and its first derivative) must be
continuous at the wormhole throat radius rt. From (2.19), we see that the wormhole
throat (rWH∗ )t = 0 is at (r
BH
∗ )t = 0, which translates in the coordinate r as (keeping the
leading order difference with r+):
r
(non-rot)
t = r+
(
1 +
λ2
8
)
+O(λ4). (2.20)
The full solution to the scalar wave equation thus must satisfy:
φWH(rt) = φ
WH(−rt), ∂rφWH(rt) = ∂rφWH(−rt). (2.21)
For the extremal wormhole (2.10) and its corresponding extremal black hole (2.1), a
similar calculation can be done. This is a bit trickier as the extremal black hole tortoise
coordinate cannot be exactly inverted to give r(r∗). However, since only an approximate
relation to O(λ2) is needed, we can still find:
r
(ext)
t = r+
(
1 +
λ2
4
)
. (2.22)
Tortoise and other global wormhole coordinates The tortoise coordinate r∗ has a
physical interpretation as measuring the travel time of a light ray. Thus, its finite range (see
(2.9) and (2.12)) for the wormhole indicates that the entire wormhole geometry is accessible
by null geodesics in a finite (coordinate) time t. For example, a light ray can travel radially
from the right boundary, through the wormhole, reflect on the left boundary and return to
the original point in a time 2Lλ. See also figure 2. Thus, we can view the wormhole as a
rudimentary toy model of a smooth, horizonless black hole microstate; the left side of the
wormhole, including the asymptotic AdS boundary (where we assume reflecting boundary
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conditions), acts as a “cap” which reflects any infalling matter back out in finite (but long)
time, controlled by the wormhole length Lλ.
The tortoise coordinate r∗ is not the unique coordinate for which the wormhole potential
takes the symmetric form (2.19). In section 3, to facilitate the hybrid WKB analysis, we
will introduce a coordinate x, which is also globally defined over the entire wormhole and in
which the radial equation also takes the Schro¨dinger form (2.18) with a symmetric potential
such as (2.19). The coordinate x moreover will be chosen to have an infinite range and
satisfy limx→∞ V (x) = 1; this requires a different choice for the function h(r) than what
we choose above.
3 The Hybrid WKB Approximation
We discussed the equation of motion for a probe scalar field Φ in the asymptotically AdS3
spacetimes of the BTZ black hole and wormholes in section 2.3. Any such bulk AdS3 scalar
field will be holographically dual to a scalar operator O on the two-dimensional CFT that
lives on the “boundary” (at spatial infinity) of AdS3 [75, 76]. In this section, we will
calculate the two-point correlation function of this holographic scalar operator O.
Below, we will introduce a radial coordinate x for which the AdS3 boundary is at
x → ∞. Solutions of the bulk AdS3 scalar field Φ behave near the boundary in these
coordinates as (we suppress angular ϕ dependence for simplicity):
Φ(t, x) ≈ e−itω (β(ω)eµx + α(ω)e−µx) . (3.1)
This asymptotic expansion of Φ can be used to calculate correlation functions of the holo-
graphically dual scalar operatorO in the boundary CFT. In particular, we will be interested
in the retarded two-point correlator GR(t) ≡ θ(t)〈[O(t),O(0)]〉, which for a linearized anal-
ysis of the scalar field is related to the ratio of coefficients of the asymptotic expansion of
the bulk field Φ as [76, 43]:
R(ω) ≡ −i
∫
dte−itωGR(t) =
α(ω)
β(ω)
. (3.2)
In order to calculate the holographic correlator (3.2) in the extremal wormhole toy model,
we will use the hybrid WKB technique developed by [43]. First, we will give a brief overview
of the method in section 3.1 and the main steps in applying it to the systems at hand.
Then we will review the calculation of the free scalar correlator in the extremal BTZ black
hole background in section 3.2, and then redo the calculation for the the extremal BTZ
wormhole in section 3.3. Finally, we give some brief remarks on the expectations for the
free scalar position-space propagator GR(t) in section 3.4.
3.1 Method Outline
The hybrid WKB approximation works in a number of steps. First, we apply the tradi-
tional WKB method to find an approximate solution to the wave equation. In order to
proceed with finding the WKB approximation to the propagator, one needs to analyze the
asymptotic structure of the approximate solution around the boundary. However, this is
generally a hard task, because the WKB solution is not written in a basis that is conducive
to asymptotic analysis. This is where the second step of the hybrid WKB technique is
employed. One finds a new potential that asymptotically approaches the original poten-
tial and for which the wave equation can be solved exactly. Then the WKB solution is
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matched with the asymptotic solution, which allows one to efficiently analyze the asymp-
totic structure of the approximate solutions to the wave equation and ultimately extract
the propagator.
Practically speaking, we will divide the method into three parts, which we will now
discuss.
3.1.1 Setting up the radial equation and potential
We wish to split the radial part of the scalar as:
Φr(r) = h(r)φ(r) , (3.3)
and we perform a coordinate transformation r → x(r) to write the radial wave equation
(2.16) for φ in the Schro¨dinger form:
∂2
∂x2
φ(x)− V (x)φ(x) = 0 . (3.4)
The absence of a term proportional to ∂xφ leads to the condition:
h(r) =
1(
r2X(r)Y (r)
(
∂x(r)
∂r
)2)1/4 . (3.5)
We are still free to choose x(r), which will affect the form of the potential V (x). To align
with the analysis in [43], we choose x(r) such that the potential approaches a particular
constant in the UV:
lim
x→∞
V (x) = 1 +m2R2 ≡ µ2 . (3.6)
where we have defined the dimensionless parameter µ. This can be achieved by fixing the
function x(r) such that:
h(r) =
R
r
. (3.7)
The following condition needs to be met in order for the WKB approximation to be
valid ∣∣∣∣(V (x))− 32 ∂V (x)∂x
∣∣∣∣ 1 . (3.8)
This quantity should be evaluated away from the turning points, defined by V (xturn) = 0,
where the left side diverges.
3.1.2 Asymptotic solutions
For large x, the potential asymptotes to a potential Vasymp(x):
V (x) ∼ Vasymp(x), (3.9)
that we will make precise below. The solutions to the wave equation (3.4) with this
potential Vasymp(x) are given by φasymp(x) with the following structure
φasymp(x) = c1φ
grow
asymp(x) + c2φ
dec
asymp(x) , (3.10)
where in the UV we have defined the two linearly independent solutions as those that
behave at large x as:3
φgrowasymp(x) = e
µx (1 + . . . ) ,
φdecasymp(x) = e
−µx (1 + . . . ) ,
(3.11)
3Note that the full radial function Φr in (2.15) is still given by Φr(r) = φ(x)R/r.
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where the omitted terms are subleading in x at large x. When µ is an integer, there are
also pieces proportional to x in the UV expansion; we will assume µ not to be an integer
and analytically continue the final result to integer µ. Both φgrowasymp and φ
dec
asymp are real
functions of x (for real r+, k, ω, µ,R).
3.1.3 Calculation of the WKB propagator
Now we have all ingredients to evaluate the propagator that follows from the hybrid WKB
technique. According to [43], the propagator is given by
R =
(
A+
√
3
2
)
e−2I+ − φ
grow
asymp(x+)
φdecasymp(x+)
. (3.12)
where
I+ = −µx+ +
∫ ∞
x+
(√
|V (z)| − µ
)
dz , (3.13)
and the turning points x± are defined such that V (x±) = 0. The expression for A depends
on the number of turning points. For a single turning point, we have
A = i
2
sign(ω) . (3.14)
For two turning points x− and x+, we have
A = 1
2
tan(Θ) , Θ =
∫ x+
x−
√
|V (z)|dz . (3.15)
This will be the formula we will need to evaluate to find the wormhole propagator. The
general expression for A for more than two turning points can be found in an appendix of
[43].
3.2 The BTZ Black Hole
It is useful to first review the hybrid WKB calculation applied to the extremal BTZ black
hole itself.
3.2.1 Setting up the radial equation and potential
We choose the radial coordinate:
xBH(r) =
1
2
log
r2 − r2+
r2+
− 1
2
r2+
r2 − r2+
, (3.16)
such that the black hole potential is
V BH(xBH(r∗)) =
(r2 − r2+)2
r8
(2r2r2+−3r4++r4µ2)+
R2
r2
(k2−R2ω2)−R
2r2+
r4
2k(k−Rω), (3.17)
for which indeed V (x→∞) = µ2. It is plotted along with the wormhole potential in figure
3.
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3.2.2 Asymptotic solutions
The explicit analytic solutions φdecasymp(x, )φ
grow
asymp(x) for the extremal BTZ black hole are
known in terms of Whittaker M,W functions (see (4.19)), however, we do not actually
need their expressions. Remarkably, as we will show below, we can use the WKB method
to find an approximation for the wormhole propagator in terms of the black hole one
without using the form of the explicit solutions φasymp.
3.2.3 Calculation of the WKB propagator
The BTZ potential has only one turning point, so one finds
RBH ≈
(
i
2
sign(ω) +
√
3
2
)
e−2I+ − φ
grow
asymp(x+)
φdecasymp(x+)
. (3.18)
As noted earlier, the exact solutions φgrow,decasymp are real and so is I+. This allows us to write
Re
(RBH) ≈ √3
2
e−2I+ − φ
grow
asymp(x+)
φdecasymp(x+)
,
Im
(RBH) ≈ 1
2
sign(ω)e−2I+ .
(3.19)
This will be useful when we calculate the WKB approximation for the wormhole propa-
gator later on. Note that using the solutions φasymp one can compute the extremal BTZ
propagator; this was done in [43].
3.3 The Extremal Wormhole
We can now apply the method above to find the approximate propagator in the Solodukhin
extremal wormhole metric (2.10).
3.3.1 Setting up the radial equation and potential
We choose to work with the following coordinate:
x(r) =
r2λ
r2+ − r2λ
√
r2 − r2+
r2 − r2λ
+ log
(√
r2 − r2λ
r2λ
+
√
r2 − r2+
r2λ
)
− 1√
3
1
λ2
, (3.20)
for which h(r) satisfies (3.7) and x(rt) = O(log λ) (where rt is the matching radius given
by (2.22)); the range of x coordinate is −∞ to ∞ and spans the whole wormhole. The
potential in this x coordinate is:
V (x(r), λ) = V BH(x) +O(λ2), (3.21)
with V BH(x) given in (3.17) such that again V (x → ∞) = µ2. At the wormhole throat
x = 0:
V (x = 0) = −R
2
r2+
(k −Rω)2 +O(λ2). (3.22)
To check that the condition (3.8) is satisfied, we note that away from the turning point
of the potential, r − r+  r+ (see also the discussion below, around (3.29)). Expanding
(3.8) to second order in r − r+, we get:∣∣∣∣(V (x))− 32 ∂V (x)∂x
∣∣∣∣ = ∣∣∣∣(Rω − 3k)(Rω − k)2
(
6(r − r+)
R
λ2 +
8(r − r+)2
Rr+
)∣∣∣∣+O((r−r+)2λ2, (r−r+)3).
(3.23)
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The condition that this is much smaller than unity gives us the condition:
(Rω − k)2  12|k|λ2
(
r − r+
R
)
= 24|k| R
Lλ
(
r − r+
r+
)
, (3.24)
so we need (Rω − k) to be sufficiently large so that the WKB approximation is valid.
3.3.2 Asymptotic solutions
Because xBH(rt) = −1/λ2 +O(log λ) (whereas for the wormhole, x(rt) = O(log λ)), we can
conclude that the wormhole potential is well approximated by two copies of the shifted
asymptotic black hole potential:
V (x, λ) = θ(x)Vasymp
(
x− 1
λ2
)
+ (x→ −x) +O(log λ). (3.25)
This is, of course, the analogous relation in the x coordinate for the extremal wormhole to
(2.19). We have plotted an example of this potential in figure 3.
-200 -100 100 200 x
-1.0
-0.5
0.5
1.0
V(x)
λ-2=50λ-2=75λ-2=100
BH
Figure 3: The wormhole potential V (x), plotted for three different values of λ, and R =
r+ = ω = 1, k = 0. The dotted line is the black hole potential Vasymp(x − 1/λ2) for
λ−2 = 100, showing graphically the validity of the approximation (3.25).
3.3.3 Calculation of the WKB propagator
The wormhole potential is essentially two copies of the black hole potential, leading to two
turning points, so A will differ with respect to the BTZ propagator (3.18). However, due
to (3.21) we can see that Iwormhole+ = I
BH
+ +O(λ2), and thus we can write
RWH ≈ Re (RBH)+ 2 sign(ω)A Im (RBH) , (3.26)
where ≈ now denotes both inaccuracy due to the WKB approximation and corrections of
order λ2. Thus, as anticipated, we do not need the explicit form of φasymp to be able to
write down our wormhole propagator in function of the black hole one.
To get a rough approximation for Θ, we can use the change of integration variables to
the tortoise coordinate r∗ defined by (2.11):
Θ =
∫ x+
x−
√
|V (x)|dx =
∫ r∗(x+)
r∗(x−)
√
|V (x(r(r∗)))|dx
dr
dr
dr∗
dr∗ . (3.27)
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For λ  1, this integral is dominated by a flat potential in the wormhole throat. To see
this, note that
lim
r→r+
√
|V (x(r(r∗)))|dx
dr
dr
dr∗
=
∣∣∣∣ω − kR
∣∣∣∣ , (3.28)
and further that (for x+ > x > 0, that is on the right side of the wormhole r > r+):
d
dx
(√
|V (x(r(r∗)))|dx
dr
dr
dr∗
)
≈ 8|k|
Rr2+
(r − r+)2 . (3.29)
From the discussion of the extremal wormhole tortoise coordinate around (2.11) and (2.13),
we know that as long as r∗ . Lλ/2, we have r−r+  r+ and so (3.29) implies the potential
remains very flat; thus, we can approximate (3.27) very well by
Θ ≈
∣∣∣∣ω − kR
∣∣∣∣Lλ. (3.30)
Note that Rω − k needs to sufficiently large for the WKB approximation to be valid, see
(3.24). The approximate value (3.30) is indeed what we would expect intuitively from a
potential that is very similar to that of a square well (see figure 3) with a depth of (3.28)
and a length of Lλ. The normal modes of the wormhole are the poles of tan Θ, which are
then (approximately):
ωn =
k
R
+
(
n+
1
2
)
pi
Lλ
. (3.31)
The spacing between modes is to leading order:
∆ωn ≡ ωn+1 − ωn = pi
Lλ
, (3.32)
In this rough approximation, the propagator is then given by:
RWH ≈ Re (RBH)+ tan(∣∣∣∣ω − kR
∣∣∣∣Lλ) Im (RBH) , (3.33)
We restrict to the result for the QNMs to leading order in λ, as this is enough to for our
purposes in the next sections. At next-to-leading order, the modes are no longer evenly
spaced, as discussed for the non-rotating wormhole in [61]. We will briefly discuss the
position-space propagator that follows from (3.33) below in section 3.4.
It is interesting to compare our (rough) result (3.30) with the analysis of [43], where
the scalar correlator was calculated in the complicated (1, 0, n) superstratum metric (which
asymptotes at the AdS3 boundary as extremal BTZ). In particular, we can compare their
result for Θ in the microstate cap regime when the scalar mode frequency is high enough
(see [43], eq. (5.3)). The general structure they find for Θ and thus for the correlator
matches our result qualitatively very well: the dominant piece in Θ is linear in ω and
proportional to the microstate throat length Lmicro (with Lmicro ∼ Ryb2/a2, using the
parameters in [43]). As they also find, this piece is responsible for echoes in the position
space correlator at a time of order ∼ Lmicro and integer multiplies of this (see [43], figure
13). Thus, our very simple Solodukhin wormhole toy model captures this feature of the
complicated superstratum geometry very well.
3.4 Position-Space Propagator
We can use a few simple arguments to understand the general structure of the position-
space propagator that follows from the frequency space result (3.33). Note that in [43],
the position-space propagator is discussed at length.
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Consider the distributional identity:
tanx =
∞∑
n=1
2(−1)n−1 sin(2nx), (3.34)
and its Fourier transform:
F(t) ≡ 1
2pi
∫
dωe−iωt tanωLλ = i
∞∑
n=1
(−1)n−1 (δ(t+ 2nLλ)− δ(t− 2nLλ)) . (3.35)
Then, using the convolution theorem for Fourier transforms on the retarded propagator
(3.33):
GRWH(∆t,∆ϕ) ≈ G0(∆t,∆ϕ) + (G1 ∗ F)(∆t,∆ϕ), (3.36)
G0(∆x) ≡ −θ(∆t)
2pi2
∑
k
eik∆ϕ
∫
dωe−iω∆tRe(RBH), (3.37)
G1(∆x) ≡ −θ(∆t)
2pi2
∑
k
eik∆ϕ
∫
dωe−iω∆tIm(RBH), (3.38)
so that GRBH(∆t,∆ϕ) = G
0(∆t,∆ϕ) + iG1(∆t,∆ϕ), and the convolution gives:
(G1 ∗ F)(∆t,∆ϕ) = i
∞∑
n=1
(−1)n−1
∫
dt′G1(∆t− t′,∆ϕ) (δ(t′ + 2nLλ)− δ(t′ − 2nLλ))
= i
∞∑
n=1
(−1)n−1 (G1(∆t+ 2nLλ)−G1(∆t− 2nLλ)) , (3.39)
so that we have the relation:
GRWH(∆t,∆ϕ) ≈ G0(∆t,∆ϕ) + i
∑
n∈Z
(−1)nsgn(n)G1(∆t− 2nLλ), (3.40)
where we define the n = 0 term of the sum to be G1(∆t) — although note that the Fourier
transform of the tan, as naively calculated above, does not contain this n = 0 term. It
is important to realize that (3.40) is merely a schematic expression: we did not treat the
integration over ω carefully (by closing its contour and picking up appropriate residues of
poles), and moreover the expression (3.33) we obtained using the hybrid WKB method is
only approximatively valid.4 In [77], we will use real time holography and carefully obtain
a precise expression for an analogous correlator in the non-rotating BTZ background.
Despite its shortcomings, (3.40) captures the most important behaviour: one can clearly
see the appearance of “echoes” in the propagator: recurrences at periodic intervals 2Lλ of
the correlator. Thus, at early times 0 < ∆t  2Lλ, the propagator will mimick the BTZ
propagator and decay exponentially; only at a time ∆t ∼ 2Lλ will the propagator start to
differ qualitatively from the black hole one due to the appearance of the first echo.5 We
show this behaviour in figure 7a.
Even though the scalar two-point function in a single wormhole geometry has clear
echoes, if we take such wormholes seriously as (toy models for) black hole microstates, a
typical microstate will be a superposition of many such geometries. Then generically one
expects the echo behaviour of such a typical state to be exponentially suppressed (in the
black hole entropy). We discuss this in more detail in section 6.2.
4In particular, it will have apparent poles in the complex frequency plane with non-zero imaginary part.
However, the correct full propagator in frequency space will necessarily only have poles on the real axis,
as the geometry only admits normal modes and no quasinormal modes.
5For the extremal BTZ black hole, after the inital exponential falloff, the correlator transitions to
a polynomial falloff due to the contribution of scattering events with period 2pi, originating from the
compactness of the ϕ coordinate, known as ”images”. See [43] for detailed discussion.
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4 Connecting BTZ to Flat Space
In the previous section, we calculated the two-point correlation function of a probe scalar
field in the extremal BTZ black hole spacetime (2.1), as well as its extremal Solodukhin
wormhole counterpart (2.10). We saw how the wormhole gave rise to normal modes ωn
given by (3.31) in frequency space with spacing ∆ωn = pi/Lλ (with the wormhole throat
length Lλ given by (2.12) for the extremal wormhole) so that the position space correlator
correspondingly has echoes, as discussed in section 3.4 .
In this section, we discuss how these asymptotic AdS3 correlators can be related to (5D)
flat space gravitational waves (as modeled by a scalar probe). This relation is given by
the well-known decoupling limit of the five-dimensional asymptotically BMPV black hole
[78], or more precisely its three-charge generalization [79]. Our focus will be on solving the
minimally coupled probe scalar wave equation on this background (and its corresponding
Solodukhin wormhole), relating the (quasi)normal modes of the asymptotically flat five-
dimensional black hole (resp. wormhole) to the (quasi)normal modes of the extremal BTZ
black hole (resp. extremal wormhole) through the decoupling limit. We will use methods
similar to [42, 38] (see also [80, 81] for similar ideas and methods).
As we saw before (in section 3.3), the Solodukhin wormhole that corresponds to the
extremal BTZ geometry has only normal modes: the eigenfrequencies are real, with an
approximate spacing between modes of L−1λ . We will see here (in section 4.3.3) that by
coupling this wormhole to flat space, or said otherwise, by constructing the Solodukhin
wormhole corresponding to the BMPV black hole, these normal modes receive a small
imaginary part, making them quasinormal modes. This is related to the wave being able
to “leak out” into flat infinity; see figure 4. The real and imaginary parts of the resulting
five-dimensional wormhole quasinormal modes follow the general scaling discussed in [26]
for (flat space) compact objects, as we discuss briefly in section 4.4. Note that in principle
the quasinormal modes are sufficient information to determine the entire analytic structure
of the response function, so that they give a complete characterization of the system (see
section 5).
h
or
iz
on
throat neck flat
Figure 4: A schematic depiction of how the BTZ black hole is connected to flat space.
In the decoupling limit  → 0, the flat space region is decoupled from the BTZ region;
when 1  > 0, the flat space region is (weakly) coupled to the BTZ region through the
intermediate neck region, which allows the scalar field to “leak” out of the BTZ region.
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4.1 Scalar Probe in BMPV Solution and the Decoupling Limit
In this section, we will first describe the decoupling limit of BMPV, which gives the ex-
tremal BTZ black hole in AdS3. Then, we describe the probe scalar wave equation in
this background and solve it in three different regions where explicit analytic solutions are
possible.
4.1.1 BMPV and decoupling limit
The three-charge asymptotically flat non-rotating BMPV black hole [79] has as 6D metric:
ds26D = (H1H5)
−1/2
(
−dt2 + dy2 + QP
ρ2
(dy − dt)2
)
+ (H1H5)
1/2(dρ2 + ρ2dΩ23), (4.1)
with:
H1 = 1 +Q1/ρ
2, H5 = 1 +Q5/ρ
2. (4.2)
The y-direction is compact with period 2piRy; dΩ
2
3 is the volume form on the unit radius S
3
sphere. Thus, this solution can be seen as a six-dimensional black string, or after reduction
along the compact y direction, a 5D black hole. Note that the (finite size) horizon is at
ρ = 0.
This black hole can be uplifted to a full 10D type IIB supergravity solution [82], where
then the parameters Q1, Q5 can be seen as the D1- and D5-brane charges of the solution,
where both wrap the y direction and the D5-branes also wrap the compact M4; QP is the
momentum travelling along the y-direction. These charges are related to the quantized
number of branes N1, N5 and quanta of momentum NP as:
Q1 = c1
α′3
V4
N1, Q5 = c5α
′N5, QP = cP
α′4
V4R2y
NP , (4.3)
where α′ = l2s is the string length squared and V4 = vol(M4). The cI are factors which
contain numerical factors as well as powers of the string coupling gs, which will not enter
in our discussion (see for example [83]).
In the (near-)decoupling limit of this metric, we realize that we can decouple excitations
near the horizon and those very far away from the black hole. Concretely, we take α′ = R2y
2
for a dimensionless parameter  which is sent to zero in the strict decoupling limit [75, 82].
(This limit is sometimes called the “large Ry limit” [82, 42], as we are taking Ry to be
much larger than the string scale.) We further take ρ ∼ 2 so that ρ/α′ remains fixed.
Note that we must have V4 ∼ α′2 ∼ 4. The charges scale as: Q1, Q5 ∼ 2 and QP ∼ 4.
The resulting metric in the  → 0 limit is given by taking the initial asymptotically flat
metric (4.1) and “dropping the 1’s” in the functions H1,5, we get:
ds2BTZ×S3 =
ρ2
R2
(
−dt2 + dy2 + QP
ρ2
(dt− dy)2
)
+
R2
ρ2
dρ2 +R2dΩ23. (4.4)
The metric (4.4) is the direct product of an S3 with constant radius R = (Q1Q5)
1/4 and
an AdS3 factor with the same radius — the extremal rotating BTZ black hole with mass,
angular momentum and horizon radius:
M = J = 2QP/R
2, r+ =
√
QP . (4.5)
To compare with the BTZ metric in (2.1), take ρ2 = r2 − r2+ and ϕ = y/R.6
6Note that the periodicity of y is different compared to what would be expected from this coordinate
transformation.
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If we had considered the region ρ ∼ 0 instead, the leading order metric would have
been pure 6D flat space (more precisely: R4,1 × S1(y)):
ds26D,flat = −dt2 + dy2 + dρ2 + ρ2dΩ23. (4.6)
True to its name, the decoupling limit  → 0 thus decouples excitations in the asymptot-
ically flat region (4.6) from the near-horizon AdS3 region (4.4). In the near-decoupling
limit, when  > 0 (but still   1), the asymptotic flat region (4.6) is weakly coupled to
the AdS region (4.4); this results in excitations in the AdS region being able to weakly
“leak out” into the flat space region; see figure 4. This is precisely the effect we will see
when we calculate the quasinormal modes of the BMPV black hole (4.1).
Three regions in the decoupling limit As we mentioned above, in the AdS region
we have ρ ∼ 2 or ρ/R  1, whereas in the asymptotic flat region ρ ∼ 0 or ρ/R  1.
However, (in analogy with [42, 38]) we will instead introduce a second small, dimensionless
parameter σ  1 by hand, so that the AdS region of the decoupling limit is given by:
0 ≤ ρ
R
≤ σ, (4.7)
whereas the flat space region is given by:
ρ
R
≥ 1
σ
. (4.8)
These regions obviously do not overlap, and so we cannot match a solution from AdS
directly to flat space. To match solutions between the AdS and the flat region, we will
need to pass through the so-called “neck” region, which is defined as:
σ ≤ ρ
R
≤ 1
σ
. (4.9)
4.1.2 Solving the scalar wave equation
We will consider the minimally coupled probe scalar wave equation:
∇26Φ = 0, (4.10)
on the full BMPV metric background (4.1). We use the separation ansatz:7
Φ(t, ρ, y,Ω3) = exp (−iωt+ im˜y + im1φ1 + im2φ2) Θ(θ)g(ρ), (4.11)
Note that we can write m˜ = m/Ry with m,m1,m2 integers. We will be looking for
ω ∼ 1/Ry, which corresponds to large wavelength, low energy modes in the decoupling
limit. Note that if Im(ω) < 0, the mode is exponentially decaying. The angular function
is a solution to:
Θ′′ + 2 cot 2θΘ′ − (m21 csc2 θ +m22 sec2 θ) Θ = −Λ Θ, (4.12)
with Λ = `(`+ 2) and ` an integer.
7For definitiveness, we use the (flat) three-sphere metric dΩ23 = dθ
2 + sin2 θdφ21 + cos
2 θdφ22, where θ
ranges between 0 and pi/2, and φ1,2 are periodic with period 2pi.
20
Radial equation It is convenient to use the dimensionless radial coordinate χ = R2y/ρ
2
to get the radial scalar wave equation in the form:
χ2g′′(χ) + V (χ)g(χ) = 0, (4.13)
with potential:
4V (χ) =
R2y
χ
[
ω2 − m˜2]+ [1− ν2]+ χ
R2y
[
κ(ω2 − m˜2)]+ χ2
R4y
[
Ξ2(ω − m˜)2] , (4.14)
where we have defined:
ν2 = (`+ 1)2 − (Q1 +Q5)(ω2 − m˜2)−QP (ω − m˜)2 = (`+ 1)2 +O(2), (4.15)
κ = R4 + (6)(Q1 +Q5)QP
(ω − m˜)2
ω2 − m˜2 = R
4(1 +O(2)), (4.16)
Ξ = R2Q
1/2
P . (4.17)
Note that κ,Ξ ∼ 4.
Solutions in three regions Now, we solve the radial wave equation (4.13) in the three
regions in the three regions (4.7), (4.8), and (4.9) separately (note that χ2∂2χ ∼ ( σ)0):
• In the AdS region (4.7), for which we implement the strict decoupling limit ρ ∼  σ
so that χ ∼ ( σ)−2; the potential (4.14) reduces to:
4V (χ) =
([
1− ν2]+ χ
R2y
[
(κ(ω2 − m˜2)]+ χ2
R4y
[
Ξ2(ω − m˜)2])+O(2 σ2). (4.18)
This is precisely the radial potential of a scalar field in the 3D extremal BTZ metric
(2.1), where the scalar has the 3D mass m2 = ν2− 1 and the effective extremal BTZ
parameters R, r+ are given by R = κ
1/4, r+ = Ξ/κ
1/2. The solutions to the wave
equation with the potential (4.18) are given by Whittaker W,M functions (which
could also be expanded in terms of hypergeometric functions):
g(χ) =cA1 M
(
i
κ
4Ξ
(ω + m˜),
ν
2
,−iχ Ξ
R2y
(ω − m˜)
)
+ cA2 W
(
i
κ
4Ξ
(ω + m˜),
ν
2
,−iχ Ξ
R2y
(ω − m˜)
)
, (4.19)
• In the flat region, we have ρ ∼ /σ so that χ ∼ σ2/2, we find:
4V (χ) =
([
1− ν2]+ (R2y
χ
[
ω2 −m2])+O(2σ2), (4.20)
The solutions to the wave equation with this potential are given by Bessel functions:
g(ρ) =
1
ρ
(
cF1 I−ν(i
√
ω2 −m2ρ) + cF2 Iν(i
√
ω2 −m2ρ)
)
. (4.21)
The Iν are the modified Bessel functions of the first kind.
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• Finally, in the neck region, ρ ∼  σ0 so that χ ∼ −2σ0, we have:
4V (χ) =
([
1− ν2])+O(2σ0), (4.22)
The solution to the wave equation with this potential is given by a polynomial:
g(ρ) = cN1 ρ
ν−1 + cN2 ρ
−ν−1. (4.23)
8We do not need to be careful with using Bessel functions of the first and second kind since ν is not
an integer at O(2). Thus, Iν and I−ν will not be linearly dependent.
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Matching solutions across the neck To obtain a full solution for the scalar wave, we
must glue the different solutions together inside the neck region. We need to match the
AdS region solutions g(ρ)|AdS and the neck solution g(ρ)|neck at a fiducial radius ρA inside
the neck, g(ρA)|AdS = g(ρA)|neck and g′(ρA)|AdS = g′(ρA)|neck. Similarly, we match the flat
space solution to the neck solution at a different fiducial radius ρF .
The AdS solutions for large ρ ( approaching the neck region), as well as the flat solutions
for small ρ, both are of the form (4.23). We can define the following ratio of coefficients in
the neck region:
Υ(region) ≡ c
(region)
1
c
(region)
2
, (4.24)
where (region) is either flat or AdS, and the subscript 1 (resp. 2) denotes the coefficient
of the ρν−1 (resp. ρ−ν−1) piece (just as in (4.23)).
In general, matching the solutions will be complicated and depend on the matching
points ρA, ρF . However, it turns out that to O(2), the matching does not depend on
ρA, ρF and is precisely equivalent to simply setting the coefficients c
(region)
i equal, which
(apart from an overall normalization factor) amounts to the physical condition that the
ratios defined above are equal:
ΥAdS = Υflat
(
1 +O(2)) . (4.25)
Quasinormal mode conditions To find a solution to the scalar wave equation ev-
erywhere in the BMPV spacetime, we need to solve the wave equation separately in the
flat space and AdS regions and match these solutions across the neck region using (4.25).
We will focus on finding the quasinormal modes, which are special solutions to the wave
equation where the following two conditions are imposed:
• In the asymptotic flat region, we must demand that there are no incoming waves from
spatial (flat) infinity : as ρ→∞, the coeficient of exp (iρ√ω2 − m˜2) must vanish in
the flat space solution.
• In the AdS region, we must demand that there are no outgoing waves at the horizon:
as ρ→ 0, the coefficient of exp (−iω/ρ2) must vanish in the AdS solution.
The flat and AdS solutions both have two integration constants each, of which one is fixed
by an overall normalization of the wave. The remaining two constants are fixed by the two
conditions above. Then, the ratios Υ are given by:
ΥAdS =
(−iΞ(ω − m˜))−νΓ(ν)Γ ((1
4
(2− 2ν − i κ
Ξ
(ω + m˜)
))
Γ(−ν)Γ ((1
4
(2 + 2ν − i κ
Ξ
(ω + m˜)
)) , (4.26)
Υflat =
4−νe−2ipiνν(m˜2 − ω2)νΓ(−ν)
Γ(1 + ν)
. (4.27)
Thus, the matching condition (4.25) imposes non-trivial constraints on the parameters
of the solution, and in particular will only have solutions for particular, quantized value
ω(m˜, `) — the quasinormal modes of the BMPV black hole.
4.2 Scalar Quasinormal Modes in BMPV
As derived in the previous subsection, the condition to have a quasinormal mode scalar
solution in the full BMPV black hole is (4.25) such that ΥAdS = Υflat with the ratios given
by (4.26)-(4.27). We will now solve this equation to find the quasinormal modes ω(m˜, `)
of the BMPV black hole.
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4.2.1 Leading order(s): BTZ quasinormal modes
First, remembering that Ξ ∼ 4 and ν = (`+1)+O(2), we can see that solutions to (4.25)
must be given by ω = ω˜n+δω˜n, where ω˜n is a solution to ΥAdS(ω˜n) = 0, and δω˜n ∼ O(4l).9
Demanding ΥAdS(ω˜n) = 0 can only be achieved by frequencies ω˜n that cause the Γ
function in the denominator to have a pole:
ω˜n = −m˜− i4Ξ
κ
(
n+
ν + 1
2
)
= −m˜− i4
√
QP
R2
(
n+ 1 +
`
2
)
+O(2), (4.28)
for n ≥ 0 integer. At O(0), these are precisely the quasinormal modes of extremal BTZ
with M = J = 2QP/R
2 and (3D) scalar mass m23D = `(` + 2) [84, 85] (as should be
expected in the strict decoupling limit  → 0). Using (4.3), we can see that these are
indeed low-energy excitations with ω˜n ∼ R−1y .
The expression (4.28) are exact zeros of ΥAdS, which means the O(2) and higher order
parts of this expression are the correct first corrections to the BTZ quasinormal modes due
to the small but non-zero coupling  to flat space; these remain the only  corrections until
the subleading corrections from Υflat contribute as well, which is when we must solve for
δω˜n.
4.2.2 Subleading corrections from flat space
Since the quasinormal modes (4.28) satisfy ΥAdS(ω˜n) = 0, the correction δω˜n that is nec-
essary to solve (4.25) must be:
ΥAdS(ω˜n + δω˜n) = Υflat(ω˜n), (4.29)
or, solving for δω˜n:
δω˜n =
Υflat(ω˜n)
Υ′AdS(ω˜n)
. (4.30)
In Υ′AdS(ω˜n), the derivative must hit the Γ function in the denominator of (4.26) that
is responsible for the vanishing of ΥAdS. This gives:
∂ω
([
Γ
((
1
4
(2 + 2ν − i κ
Ξ
(ω + m˜)
))]−1)
ω=ω˜n
= −i(−1)nn! κ
4Ξ
. (4.31)
The full expression for the correction (4.30) is then given by:
δω˜n = (−1)`+1 2
1−2`
(`!)3
(
`+ n+ 1
`+ 1
)
Q
1+`/2
P R
2l
Q1 +Q5
ω˜`n,i(4m˜
2+ω˜2n,i)
`+1/2 (cos(2`+ 1)α + i sin(2`+ 1)α) ,
(4.32)
where we have written the original solution ω˜n of (4.28) as ω˜n = −m˜− iω˜n,i, and we have
defined:
α = tan−1
(
ω˜n,i
2m˜
)
. (4.33)
The full quasinormal modes of the BMPV black hole are then given by ω˜n + δω˜n. The
correction δω˜n in (4.32) is clearly a O(4`+2) correction to ω˜n (analogous to the results in
[38]). Both the real and imaginary part of the quasinormal frequencies get a (very) small
correction due to the flat space coupling; when  1, the full BMPV quasinormal modes
are thus very well approximated by the BTZ quasinormal modes.
9One could be worried about ` = 0, as then naively ω˜n and δω˜n would be of the same order. However,
a simple calculation shows that the same reasoning holds for ` = 0, and in particular (4.28) and (4.32)
are still valid for ` = 0. The reason that the same relations are still valid for ` = 0 is essentially that
Υ′AdS(ω˜n) ∼ −4`−4 in (4.30), which means δω˜n in (4.32) is subleading to (4.28), even for ` = 0.
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4.3 Scalar (Quasi)normal Modes in BMPV Wormhole
Now, we will turn the BMPV black hole into a Solodukhin wormhole by changing the
extremal BTZ black hole of the near-horizon (decoupling) geometry into its corresponding
Solodukhin wormhole as discussed in section 2.2.2. Note that we will consider the wormhole
parameter λ to be much smaller than the decoupling limit parameter :
λ , (4.34)
so that it makes sense to keep only leading pieces in λ while going to higher orders in , as
we do when calculating the quasinormal modes in the flat space geometry. Physically, this
also makes sense as one would expect the quantum correction at the horizon (governed by
λ) to be much smaller than the non-extremality (controlled by ).
4.3.1 Solutions in the BTZ Wormhole
To find the quasinormal modes of the BMPV Solodukhin wormhole, we need to replace
the effective decoupling limit extremal BTZ metric in the AdS region by the corresponding
extremal wormhole, and solve the scalar wave equation on the wormhole background. The
extremal BTZ metric we are considering is given by (2.1) with effective BTZ parameters
R = κ1/4 and r+ = r− = Ξ/κ1/2. (Remember also that the “Schwarzschild” type radial
coordinate r used in (2.1) is related to the radial coordinate ρ as ρ2 = r2 − r2+.)
As discussed in section 2.3, the general solution gWH(r) to the radial scalar wave equa-
tion for the wormhole geometry is given by the corresponding solution to the black hole
wave equation, gWH(r) = gBH(r), with the important condition that the wormhole radial
solution and its first derivative is continuous at the wormhole throat radius rt given in
(2.22). Moreover, because the wormhole potential is even with respect to the wormhole
throat position when written in the tortoise coordinate, V WH(r∗) = V WH(−r∗) (see (2.19)),
the normal mode solutions will be either even or odd themselves, which corresponds to the
two possible conditions on the BTZ black hole solutions:
gBTZ− (r = rt) = 0, ∂rg
BTZ
+ (r = rt) = 0. (4.35)
The conditions (4.35) replace the BTZ black hole quasinormal condition that there are no
ingoing waves at the horizon. The resulting scalar wave solution, expanded at large ρ (or
equivalently r), then gives rise to a new ratio ΥWH (replacing (4.26)), given by:
ΥWH(ω) = Ξ
−ν (−i(ω − m˜))−νΓ(ν)Γ(1 + ν)Γ
(
1
4
(2− 2ν − i(M +W )))
Γ
(
1
4
(2 + 2ν − i(M +W )))
×X±
[
Γ(−ν)Γ(1 + ν)X± − (−i(ω − m˜))i/2(W+M)Γ
(
1
4
(2− 2ν − i(M +W ))
)
× Γ
(
1
4
(2 + 2ν − i(M +W ))
)]−1
, (4.36)
X± =
(
Ξ
κ
)i/2(W+M)(
∓ e−2i(W−M)λ2
(
λ2
2
)i(W+M)/2
− ie−i/2piν(W −M)i/2(M+W ) Γ
(
1
4
(2 + 2ν − i(M +W )))
Γ
(
1
4
(2 + 2ν + i(M +W ))
)), (4.37)
M =
κ
Ξ
m˜, W =
κ
Ξ
ω, (4.38)
where X− (resp. X+) corresponds to the odd (resp. even) modes.
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4.3.2 Leading order(s): wormhole normal modes
To find the quasinormal modes of the BMPV wormhole, we now have to solve the altered
version of (4.25):
ΥWH(ω) = Υflat(ω)
(
1 +O(2)) , (4.39)
with ΥWH(ω) given by (4.36) and Υflat(ω) still given by (4.27). A similar scaling analysis
as equation (4.29) for (4.39) applies, and in particular the leading order solutions to (4.39)
are given by ΥWH(ωn) = 0. This is equivalent to demanding X± = 0.10
This transcendental equation cannot be analytically solved in general. In the large ω
limit, we find the approximate solutions:
ωn = m˜+
(
n+ `+
1
2
)
pi
Lλ
+O(L−2λ , m˜L−1λ logLλ), (4.40)
where we used (2.12), where n is an integer (to O(2)); when n is even (resp. odd), the
normal mode corresponds to an even (resp. odd) mode obtained by X+ = 0 (resp. X− = 0).
These high frequency normal modes (up to the O(m˜L−1λ logLλ) term) agree with what we
found before in (3.31) with the substitution11 k → mR/Ry = m˜R.
We can also solve (4.39) in a low-frequency limit ω − m˜ ∼ L−1λ :
ωn = m˜+
(
n+
`
2
)
pi
Lλ
+O(m˜L−1λ ), (4.41)
where n even (resp. odd) corresponds to the odd (resp. even) mode obtained by X− = 0
(resp. X+ = 0).
4.3.3 Subleading corrections from flat space
Now, we can calculate the corrections to the modes due to the coupling to flat space. We
need to calculate Υ′AdS(ωn); this derivative must hit the X± in the numerator. Even though
we do not have an analytic expression for the modes ωn, we can still simplify the resulting
derivative and write the expression for the correction δωn explicitly in terms of ωn. The
leading real and imaginary parts of δωn are then:
δωn =
Υflat(ωn)
Υ′WH(ωn)
(4.42)
= − 1
Lλ
(
R2`+2Q
(1+`)/2
P
) (ω2n − m˜2)`(ωn − m˜)`+1
22`+1`!3(`+ 1)!
∣∣∣∣Γ(1 + `2 + i4(M +Wn)
)∣∣∣∣2
× epi/4(M+Wn)
(
1
Q1 +Q5
+ i
pi
2
ω2n − m˜2
`+ 1
)
. (4.43)
The real part is a correction to the quasinormal frequency at order O(4`+2) (as it was for
the BMPV black hole frequencies in section 4.2.2) whereas the imaginary part enters at
O(4`+4) (similar to [38]). Of course, the correction to the real part is small compared to
the original (real) normal mode ωn. Note that
12 Im(δωn) < 0, as appropriate for a decaying
mode.
10Although the quasinormal modes ω˜n in (4.28) of the BTZ black hole also satisfy ΥWH = 0, these
will not correspond to actual (quasi)normal modes of the wormhole, as a complete analysis of the allowed
solutions in the wormhole would reveal.
11This substitution is necessary since y in (4.4) is periodic with 2piRy and ϕ is periodic with 2pi.
12Although we do not show it explicitly, we have ω ≥ m˜ for all normal modes of the wormhole.
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4.4 Interpretation
In this section, we calculated the quasinormal modes for the BMPV black hole, as well
as for the Solodukhin wormhole modification of BMPV. For both examples, we solved
the wave equation in the near-decoupling limit (with small decoupling parameter ), and
found that near-horizon, asymptotic AdS (decoupling) region gives the most important
contribution to the quasinormal modes. As we will discuss in the next section 5, the
quasinormal modes of a system determine the analytic structure of the relevant response
function; thus, they capture the physics of the reflection and transmission coefficients as
well as the entire correlator.
For the BMPV black hole, the (small) coupling to flat space provides a small correction
to both the real and imaginary parts which is subleading in . For the BMPV wormhole,
the key difference is that the wormhole itself has only non-decaying normal modes, and the
imaginary part of the full quasinormal mode is thus entirely due to the (small) coupling
to flat space. Physically, this coupling to flat space allows the scalar wave to “leak out” at
(flat) infinity instead of being trapped in the asymptotically AdS wormhole “box” forever
(see figure 4). Thus, the “echoes” that a scalar field in the asymptotically flat BMPV black
hole will have are determined by the real part of the quasinormal modes and hence by the
behaviour of the scalar field in the AdS spacetime. The small coupling to flat space and the
resulting small imaginary part of the quasinormal mode simply gives a small attenuation
of the echo amplitude over time; this attenuation is directly determined by the travel time
down the BTZ throat 2Lλ. So, we can conclude that the relation between the behaviour
of the scalar field signal (in position space) in the BMPV black hole and BMPV wormhole
is captured by the relation between the BTZ black hole and BTZ wormhole behaviours of
the scalar field, and thus by the holographic correlators for those solutions that we studied
in section 3.
From the CFT perspective, the normal modes of the wormhole correspond to the poles
of the scalar two-point correlator. The “leaking” into flat space can be thought of as the
result of perturbing the CFT with an irrelevant deformation [86] which changes the UV
and thus also perturbes the scalar correlator. As long as the irrelevant deformation is small
(as it is here, controlled by   1), the deformation can be treated perturbatively in the
CFT [87].
Note that the imaginary part of the quasinormal frequencies is parametrically small
compared to the real part. As we saw above in (4.43), the imaginary part of the quasinormal
modes is O(4`+4λ2): it is both small due to the small part of the scalar wave escaping to
infinity (the  dependence), as well as parametrically small in the wormhole parameter λ.
The resulting system of quasinormal frequencies for the BMPV wormhole is reminiscent
of other flat space Solodukhin type wormholes [9, 63]. In particular, we can compare the
scaling of real and imaginary parts of the quasinormal modes with the analysis of sec 4.1
in [26] for the quasinormal modes of general wormholes (or other “cavity” potentials) in
(4D) flat space. Defining ωˆn = ωn − m˜, we see that:
ωˆn ∼ 1
Lλ
. (4.44)
The real part of the quasinormal mode scales as the inverse “cavity size” (in tortoise
coordinates). Moreover, we can also see from (4.43) that the imaginary part scales as:
Im(δωn) ∼ 1
Lλ
ωˆ2`+2 ∼ ωˆ2`+3, (4.45)
in precise agreement with the scaling found in eq. (34) of [26]. This scaling of the imaginary
part of the mode can be understood as the product of the tunneling amplitude |A|2 ∼ ωˆ2`+2n
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of the wave [88] to reach outside the cavity, with the timescale ∆t ∼ L−1λ needed for the
wave to travel once through the cavity of length Lλ [26]. Note that the general scaling
(4.45) also holds in the asymptotically flat microstate geometries considered in [44]; there,
the “cavity size” is determined by the (large) redshift down the microstate throat, n1n5/jL.
5 Relation to Echo Literature in Flat Space
In this section, we make the connection to wave scattering in flat space. To keep the
discussion general, we now consider the Schro¨dinger problem with source S(x, ω):
d2ψ(x)
dx2
− V (x)ψ(x) = S(x, ω) , (5.1)
where V is a potential and S is a source. This equation can describe, for example, the scat-
tering problem of a gravitational wave in Fourier space (where x is the tortoise coordinate);
or it can be used to find quasinormal modes when the source vanishes.
We will recall first how to obtain the solution with a source S(x) in flat space and what
the precise relation is to the quasinormal modes and echoes, and then proceed to generalize
the discussion to include AdS correlators and quasinormal modes discussed above.
Although we focus on four-dimensional black holes in section 5.1, the results apply to
general spacetime dimensions d, unless specified otherwise. In different dimensions, the
form of the potential may change, but its asymptotic behaviour remains similar.
5.1 Waves in Flat Space
This section is based on the discussion of [8], and follows conventions of [26]. For more
details, we refer to those references. For the scattering problem with a rotating black hole
in four dimensions, the potential asymptotically approaches a negative constant, and all
derivatives are zero at the asymptotic boundaries:
lim
x→∞
V (x) = −ω2 , lim
x→−∞
V (x) = −(ω − ω0)2 . (5.2)
In the above equation, ω is the frequency of the particular mode and ω0 a constant de-
pending on the spin of the black hole. The potential has a maximum at the position of
the light-ring, the location of the unstable photon orbit (for Schwarzschild in usual radial
coordinates, this is at r = 3M). We give a schematic representation in figure 5a; for the
detailed form of potentials depending on the spin of the perturbation, see [89, 90].
The wave equation has two homogeneous independent solutions, which we can choose
to have the following asymptotic behaviour:
ingoing at horizon: ψ− ∼
{
e−i(ω−ω0)x, x→ −∞
Ain(ω)e
−iωx + Aout(ω)eiωx, x→ +∞
outgoing at infinity: ψ+ ∼
{
Bin(ω)e
−i(ω−ω0)x +Bout(ω)ei(ω−ω0)x, x→ −∞
eiωx, x→ +∞.
(5.3)
One can find the transmission and reflection coefficients for waves coming in from infinity
and scattering off the potential. It is most convenient for the current discussion to define
those coefficients for waves coming from the left, see figure 5a,
RBH(ω) =
Bin(ω)
Bout(ω)
, TBH(ω) =
1
Bout(ω)
. (5.4)
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x→∞x→ −∞
ω2
(ω − ω0)2
TBHRBH
(a)
x→∞
x = x0
ω2
(ω − ω0)2
TBHRBHR
(b)
Figure 5: (a) A schematic plot of the radial potential of a rotating black hole with flat
asymptotics. Asymptotic infinity is at x → ∞, the horizon at x → −∞, and the bump
is associated with the light-ring; (b) A schematic plot of the radial potential of a rotating
ECO with flat asymptotics. Asymptotic infinity is at x→∞, and at large negative x0 we
put a wall which has arbitrarily complicated behaviour captured by the function R(ω, x0).
The physical solution to the wave equation is composed only of ingoing waves at the
horizon and outgoing waves at infinity
ψBH ∼
{
e−i(ω−ω0)x, x→ −∞
eiωx, x→ +∞. (5.5)
The black hole Green’s function solves the wave equation with source S = δ(x − x′) and
obeys the boundary conditions (5.5):
GBH(x, x
′) =
ψ+(max(x, x
′))ψ−(min(x, x′))
W (ω)
, (5.6)
where W (ω) = ψ−ψ′+ − ψ+ψ′− is the Wronskian. For this simple second order differential
equation, the Wronskian is a constant and can be evaluated at infinity: W (ω) = 2iωAin(ω).
The solution to the full wave equation is then
ψBH = ψ+
∫ x
−∞
Sψ−
W
+ ψ−
∫ ∞
x
Sψ+
W
. (5.7)
The frequencies of the QNMs, the solutions for S = 0, are determined by the poles of the
Green’s function, or alternatively: the zeroes of the Wronskian W (ωn) = 0. Note that
these are also precisely the frequencies for which ψ+ and ψ− are linearly dependent.
Now imagine that we have an exotic compact object (ECO), whose potential agrees
very well with the black hole potential up until some very large negative Schro¨dinger
coordinate x0  0, which is assumed to be located somewhere in the flat region of the
potential, away from any possible light-ring structure. For x < x0 the potential starts
to significantly deviate from the black hole potential. One can model this behaviour by
putting some generic ω-dependent effective reflective boundary condition at x0, see figure
5b. This changes the boundary condition for a purely outgoing mode at infinity to
ψECO ∼
{
e−i(ω−ω0)x +R(ω, x0)ei(ω−ω0)x, x→ x0
eiωx, x→∞, (5.8)
where the reflection coefficient R(ω, x0) is determined by the details of the ECO model.
Note that we follow [91] and have absorbed a factor of e2iωx0 into R with respect to [8].
We can write
ψECO = ψBH + ψH , (5.9)
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with ψH a homogenous solution such that ψWH obeys the boundary conditions (5.8). This
means that ψH = A(ω, x0)ψ+ for some function A. Following [8], we take a judicious choice
of multiplication constant for later comparison with the black hole solution as A(ω, x0) =
K(ω, x0)
∫∞
−∞
Sψ+
W
dx:
ψH = Kψ+
∫ ∞
−∞
Sψ+
W
, (5.10)
where K(ω, x0) is a constant called the ‘transfer function’ As x → x0, we have ψBH =
ψ+
∫∞
x0
Sψ+
W
and ψH = Kψ+
∫∞
x0
Sψ+
W
, so that at large negative x we find
ψECO =
(
e−i(ω−ω0)x +K(ω, x0)(Bin(ω)e−i(ω−ω0)x +Bout(ω)ei(ω−ω0)x)
) ∫ ∞
x0
Sψ+
W
dx, (5.11)
Comparing with (5.8) gives:
K(ω) = TBH(ω)R(ω, x0)
1−RBH(ω)R(ω, x0) . (5.12)
At large distances, relevant to a detector, the wave function has the form
ψECO(x→∞) = ψBH(x→∞) +K(ω, x0)ei(ω+(ω−ω0))xψBH(x→ −∞) , (5.13)
hence the response of the ECO corresponds to the initial BH response, followed by an
additional term that is determined by the reflectivity of the compact object. It is this
second term that can be written as a train of echoes following the main signal, from the
geometric series expansion:
K(ω, x0) = TBH(ω)R(ω, x0)
∞∑
n=1
(RBH(ω)R(ω, x0))
n−1. (5.14)
The ECO QNM frequencies ωn are the poles of K, or equivalently:
1−RBH(ωn)R(ωn, x0) = 0, (5.15)
If we consider the simple example of a (possibly partially reflective) ω-independent “brick
wall” located at x0 and assume a slowly varying RBH(ω), we have
RBH(ω) ≈ RBH , R(ω, x0) = Re−2i(ω−ω0)x0 . (5.16)
In this case, the asymptotic detector receives the initial signal from the ECO which decays
very similarly to the black hole; then, after a time ∆t = 2x0, a series of echoes follows.
The QNM frequencies are approximately
ωn = ω0 +
pi
x0
(
n+
i
2pi
ln(RBHR)
)
+O
(
pin/x0
RBH(ωn)/R′BH(ωn)
)
, n = 0, 1, 2, . . . . (5.17)
The relation to Green’s function, and in particular how a very similar (early-time) be-
haviour in the ECO and black hole backgrounds nevertheless is associated with vastly
different QNM spectrums, was worked out in [92].
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5.2 Waves in AdS
Changing the asymptotics from flat space to AdS does not change the Schro¨dinger form of
the wave equation (5.1). We choose x→∞ to correspond to the asymptotic AdS boundary
and x → −∞ to the horizon. For scattering problems in black hole backgrounds in AdS,
the potential asymptotically approaches a positive constant at the AdS boundary and a
negative constant near the horizon:13
lim
x→∞
V (x) = µ˜2 , lim
x→−∞
V (x)→ −ω2 , (5.18)
and all derivatives are zero at the asymptotic boundary. For simplicity, here we are taking
non-rotating black holes (or ECOs) in AdS. Then, the potential asymptotes to the fre-
quency of the mode ω at x → −∞. The potential for a non-rotating AdS black hole is
schematically depicted in figure 6a.
x→∞
x→ −∞
ω2
µ˜2
TBHRBH
(a)
x→∞
x = x0
ω2
µ˜2
TBHRBHR
(b)
Figure 6: (a) A schematic plot of the radial potential for a non-rotating black hole with
AdS asymptotics. The boundary is at x → ∞, the horizon at x → −∞. The bump is,
similarily to flat space, associated with the light-ring; (b) A schematic plot of the radial
potential of a non-rotating ECO with AdS asymptotics. The boundary is at x→∞, and
at large negative x0 we put a wall which has arbitrarily complicated behaviour captured
by the function R(ω, x0).
For easy comparison to [43] we take the two independent solutions to be:
ψgrow ∼
{
Bgrowin (ω)e
−iωx +Bgrowout (ω)e
iωx, x→ −∞
eµ˜x, x→∞,
ψdec ∼
{
Bdecin (ω)e
−iωx +Bdecout(ω)e
iωx, x→ −∞
e−µ˜x, x→∞.
(5.19)
What is important to realize is that, although the boundary conditions (5.19) are analogous
to the flat space case (5.3), what is different in AdS is that the x→∞ boundary conditions
imposed in (5.19) immediately imply that ψdec, ψgrow are real14 for all x. In particular, we
have:
Bgrowin = (B
grow
out )
∗ , Bdecin =
(
Bdecout
)∗
. (5.20)
For AdS spacetimes, we will not introduce a bulk source S(x, ω); however, as we will
see below, the presence of the growing mode is interpreted as a holographic source on the
13For example, we can use a (rescaled) version of the WKB coordinates defined in section 3 for the BTZ
black hole. Then we have µ˜2 = (r2+/R
4)µ2.
14This follows because the real and imaginary parts of the solution must each satisfy the same Schro¨dinger
equation as long as the potential V (x) is real.
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boundary using the AdS/CFT dictionary. We first discuss the QNMs. The appropriate
boundary conditions for black hole QNMs are
ψnon-sourcedBH ∼
{
e−iωx, x→ −∞
e−µ˜x, x→ +∞. (5.21)
From the decaying mode, we can again define reflection and transmission coefficients, for
waves coming from the left, see figure 6a,
RBH(ω) =
Bdecin (ω)
Bdecout(ω)
, TBH(ω) =
1
Bdecout(ω)
. (5.22)
The frequencies of the black hole QNMs are then precisely given by the poles of RBH(ω).
Note that from (5.20), it follows that:
|RBH| = 1, TBH = |TBH|(RBH)1/2, (5.23)
A solution at a generic frequency will include the growing mode (see (3.1)):
ψsourcedBH = βBH(ω)ψ
grow + αBH(ω)ψ
dec, βBHB
grow
out + αBHB
dec
out = 0, (5.24)
where the condition on the coefficients is there to ensure only ingoing modes at the horizon.
The coefficient βBH is proportional to the holographic source of the CFT boundary operator,
and αBH is proportional to the vacuum expectation value of the boundary operator. The
holographic CFT (retarded) two-point function for this boundary scalar operator is then
given by:
RBH(ω) = αBH(ω)
βBH(ω)
= −TBH(ω)Bgrowout (ω) . (5.25)
If we now take an ECO, generically the solution will instead be (valid for all x):
ψsourcedECO = βECO(ω)ψ
grow + αECO(ω)ψ
dec. (5.26)
Just like in flat space, we can assume that the potential of the ECO is described by the black
hole one up until a point x0  0, deep in the IR, where it starts to deviate significantly.
We can again model this as an ω-dependent reflection at large negative x0, see figure 6b.
This changes the IR boundary conditions as
ψsourcedECO ∼
{
e−iωx +R(ω, x0)eiωx, x→ x0
βECO(ω)ψ
grow + αECO(ω)ψ
dec, x→∞. (5.27)
Since (5.26) is valid everywhere, the boundary conditions (5.27) give the relation:
βECO(ω)B
grow
out (ω) + αECO(ω)B
dec
out(ω)
βECO(ω)B
grow
in (ω) + αECO(ω)B
dec
in (ω)
= R(ω, x0) . (5.28)
Finally, the two-point function of the ECO is given by
RECO(ω) = αECO(ω)
βECO(ω)
= RBH(ω) +K(ω, x0)[Bgrowin (ω)−RBH(ω)Bgrowout (ω)], (5.29)
where
K(ω, x0) = TBH(ω)R(ω, x0)
1−RBH(ω)R(ω, x0) . (5.30)
Using (5.20), (5.23), and (5.25), we can further simplify (5.29) to
RECO(ω) = Re(RBH(ω)) + i
(
1 +RBHR
1−RBHR
)
Im(RBH(ω)). (5.31)
At this point a natural question arises: How do we compare (5.31) to hybrid WKB expres-
sion for the propagator (3.26)? We address this question in the next section.
31
5.3 Comparison to Hybrid WKB
AdS asymptotics differ from flat asymptotics in that the scalar wave does not “leak” out
at infinity. This means that a scalar wave in a spacetime without a horizon (or other
absorbing boundary conditions) only admits normal (real) modes instead of quasinormal
modes (that have a finite imaginary part). The scalar wave will explore the inner structure
of the ECO (which can be arbitrarily complicated, and take arbitrarily long), but will
always end up being reflected out.
Since there is no dissipation and we have only normal modes ωn, we can assume the
correlator RECO(ω) is real for real ω. From (5.31) and using (5.23), it is easy to see that
this is equivalent to the condition |R| = 1. It is then convenient to define the black hole
phase eiθBH and the ECO phase θECO as:
RBH ≡ eiθBH , R ≡ eiθECO , (5.32)
as then (5.31) becomes simply:
RECO(ω) = Re(RBH(ω))− cot
(
θBH + θECO
2
)
Im(RBH(ω)). (5.33)
We can further assume that the potential V (x) has two turning points x± where
V (x±) = 0 — for example, this is the case for the wormhole we discuss in section 3.3,15
and for the actual microstate geometries discussed in [43]. Then, comparing (5.33) to the
propagator (3.26) of the hybrid WKB method propagator as in section 3.3 or [43], we arrive
at the relation:
θECO = pi − θBH + 2Θ = pi − θBH + 2
∫ x+
x−
√
|V (z)| dz . (5.34)
If we model the behaviour of the ECO as a “brick wall” with total reflection at a radius
x = x0, we take R(ω, x0) = −e−2iωx0 so that θECO = pi − 2ωx0. Moreover, for the non-
rotating Solodukhin wormhole (in analogy with (3.30)), we would have approximately
Θ ≈ ωLλ, so that:
x0 = −Lλ + θBH
2ω
, (5.35)
For ω and Lλ large, the second term goes as O(ω0, L0λ) for the non-rotating BTZ black
hole, and so x0 ≈ −Lλ is the position at which we would need to put the totally reflective
wall in order to model the behaviour of the Solodukhin wormhole.
6 Discussion
We end with two observations that follow from combining our general analysis in our
toy model wormhole geometries with recent developments in supersymmetric black hole
microstate geometries. First, by using the travel time down a microstate throat [43], we
argue that the origin of quantum corrections to the black hole can be interpreted as sitting
exponentially close to the horizon, both in terms of the Planck length and in terms of the
black hole entropy. Second, we can perform an ensemble average over wormhole geometries
that reveals how the echo amplitude generically gets exponentially suppressed in a typical
15Note that both the wormhole of section 3.3 as well as the microstate geometries in [43] have extremally
rotating BTZ asymptotics, whereas in section 5.2 and 5.3 we are only considering non-rotating AdS
asymptotics. The hybrid WKB analysis can also be performed for the non-rotating Solodukhin wormhole,
with approximate result Θ ≈ |ω|Lλ [77].
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state, and how it follows that the Poincare´ recurrence time is doubly-exponential in the
entropy.
In order to make generic statements that go beyond supersymmetric/extremal black
holes, for simplicity we will use the non-extremal, non-rotating wormhole solution of section
2.2.1 as a basis for those statements. We explain below where appropriate care has to be
taken when comparing to current supersymmetric microstate literature.
6.1 Where are the Quantum Corrections?
If we imagine or model a black hole microstate (geometry) as (quantum) corrections around
the black hole horizon, one can then wonder where these quantum corrections are located
with respect to the horizon. Is the geometry made up out of seeming perturbative cor-
rections within a Planck distance from the horizon? For the wormhole toy model (2.4),
this would mean that λ ∝ `P , with `P the Planck length. Or, alternatively, are the cor-
rections exponentially suppressed near the horizon, such that λ ∝ exp(−L/`P ) for some
reference length L? We could equivalently formulate this distinction as corrections that
are perturbative or non-perturbative in the black hole entropy S. Here, we will first make
a connection to recent 4D gravity literature and then answer this question by combining
our wormhole analysis with results from recent microstate literature.
6.1.1 Intuition in four-dimensional asymptotically flat space
To quantify how compact objects (such as microstate geometries) differ from a black hole,
one can define a ‘closeness parameter’ ε, as suggested in [26]. For example, for a very
crude model of a spherically symmetric reflective surface at a location r0, a natural choice
for this parameter is given by r0 = rS(1 + ε) with rS the Schwarzschild radius rS =
2M . One recovers the black hole metric in the limit ε → 0. For more sophisticated
objects than simple reflecting surfaces, one can often still determine a location of r0 of the
“horizon structure” or corrections based on natural criteria, such as a location where the
Kretschmann scalar is noticably different, or the radius beyond which most of the mass is
concentrated (for boson star configurations), or some other criteria of distance or location.
For reference, we can rewrite the definition of the closeness parameter ε for a Schwarzschild
black hole as:
ε ≈ 1.4× 10−39
(
r0 − rS
`P
)(
M
M
)
. (6.1)
We see that ε ∼ 10−39 corresponds to a coordinate distance of a Planck length from the
horizon for a solar mass black hole. For our wormholes, the role of closeness parameter is
essentially played by λ.
By quantifying models in terms of ε, we can introduce a notion of “distance” of the
structure to the event horizon. Other notions of distance can also be considered instead:
• The parameter ε = (r0 − rS)/rS, the relative coordinate distance of the corrections.
• The proper distance ∆s of the corrections from the horizon.
• The (minimal) value of the redshift factor √|gtt|, at the location of the corrections.
• The travel time ∆t as seen by an asymptotic observer of a light ray from, say, the
light ring to the location of the corrections.
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For simple structures that are being compared to the four-dimensional Schwarzschild met-
ric, we can easily see that these measures are all equivalent, as pointed out in [26]. The
proper distance is related to ε as:
∆s ≡
∫ rS(1+ε)
rS
√
grrdr ≈ 2
√
εrS, or ε ≈ 2.1× 10−78
(
∆s
`P
)(
M
M
)
. (6.2)
The redshift that corresponds to it is √
|gtt| ≈ ε1/2 (6.3)
and the travel time from the light ring (r = 3rS/2) to the structure is
∆t = M(1− 2ε− log(4ε2)) ≈ −2M log ε. (6.4)
However, for a wormhole, or a microstate geometry, some of the above notions may
not be related or even well-defined, and so cannot be used to define or determine r0.
First of all, such an object has no interior, and one can only make observations from the
outside. This makes it impossible to have a simple notion of coordinate distance r0 or
proper distance from the would-be horizon. Second, microstate geometries are known to
have ergoregions, where the redshift factor
√
gtt vanishes. Rotating black holes also have
ergoregions; however, the ergoregions of the microstates are located at different locations
than the black hole ergoregions, so keeping minimal redshift as the notion of the location
of the structure could easily give the wrong idea.
For such geometries, then, we will use the travel time as measured by an asymptotic
observer as a well-defined notion to quantify the deviation from the black hole metric. Such
an approach has partly been followed already in [93] where the travel time was directly
related to the mass gap (the energy of the lowest excitation in the throat) and is thus
directly related to redshift at the ‘cap’, where the black hole-like throat smoothly ends.
6.1.2 Perturbative or non-perturbative?
We follow an approach based on the equivalences mentioned for four-dimensional solutions.
In particular, we compare the travel time in wormholes and microstate geometries with the
time in the corresponding BTZ metric to travel from the asymptotic boundary to a location
r0 and back. This allows us to determine, in terms of the wormhole or microstate geometry
parameters, the fictional radius r0 where we would naively have to put reflecting boundary
conditions in the black hole geometry to mimick the microstructure — and hence, give an
indication of the “location” of quantum corrections to the BTZ geometry as coming from
our wormhole or microstate geometries.
There are two caveats we wish to highlight with this approach if one wishes to apply it
more generally. First, getting the travel time from a wave equation or geodesic equation
is technically possible for a simple, integrable model such as our wormhole geometries, or
the separable superstrata solutions considered in [43]. However, a more typical microstate
geometry will not have a separable wave equation or geodesic equation. Due to mixing
between radial and angular modes, it becomes harder to find or calculate a unique, well-
defined infalling travel time. Thus, the location of the would-be radius r0 one could derive
in this setup would be at best an upper bound. The second caveat is that the travel
time (for example, as measured by the time between echoes) is only a crude measure of
microstructure and might miss other interesting structures in the black hole throat, such
as the tidal stresses or curvature effects that have been advocated to play a role at smaller
timescales than the travel time, i.e. ttidal  ∆t, see for example [94, 43, 95].
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Relating λ to r0 for wormholes First, we can discuss the Solodukhin wormhole as an
example of where we can apply the above reasoning; this was already partly analyzed in
[61]. We focus here on the general non-extremal BTZ black hole and its corresponding
wormhole for generality, taking r+ > r− ≥ 0.
For a radially infalling null geodesic in the BTZ metric, the travel time from the bound-
ary to a location r0 and back to the boundary is given by:
16
∆tBTZ =
2R2
r2+ − r2−
(
r+ tanh
−1
(
r+
r0
)
− r− tanh−1
(
r−
r0
))
. (6.5)
When ε = r0−r+
r+
 1, this becomes:
∆tBTZ =
r+R
2
r2+ − r2−
log
2
ε
+O(ε0) . (6.6)
We need to compare this to the travel time in our wormhole toy model. The time it takes
for a signal to travel from the boundary through the wormhole and come back to the
boundary is (to leading order in λ) twice the throat length: ∆tWH = 2Lλ. An analogous
computation of the travel time for the non-extremal rotating wormhole of sections 2.2.1
and 2.2.2 17 gives:
Lλ =
r+R
2
r2+ − r2−
log
16
λ2
. (6.7)
Then, equating ∆tBTZ = 2Lλ, we find a relation between λ and ε:
ε =
λ4
128
. (6.8)
For a more coordinate invariant notion of distance, one can evaluate the proper distance
∆s between r = r+(1 + ε) and the horizon. This quantity is related to ε as
∆s =
r+R
2
√
2ε
r2+ − r2−
+O(ε) . (6.9)
The proper distance to the horizon diverges for an extremal wormhole, so we can only
compare λ to the radial location r0 in the BTZ metric. For the extremal BTZ black hole,
we find that the travel time is given by:
∆tBTZ =
R2
2r+ε
+O(ε0) . (6.10)
This is now no longer logarithmic, but inversely proportional to the (coordinate) distance
to the horizon. The travel time in the extremal wormhole is again given by ∆tWH = 2Lλ,
with Lλ = 2
R2
r+
1
λ2
from eq. (2.12). Setting ∆tBTZ = 2Lλ again then gives to leading order:
 =
λ2
8
. (6.11)
Therefore, both for the non-extremal and the extremal wormholes, we see that the param-
eter λ can be interpreted as a measure for the (proper) distance that the wormhole throat
sits from the would-be horizon radius.
16Radially infalling means we take Lφ =
dφ
dλ˜
+ Nφ
dt
dλ˜
= 0, where λ˜ is an affine parameter along the
geodesic. The travel time is then defined as ∆t = 2
∫∞
r0
dt
drdr = 2
∫
X−1dr. The proper distance from the
horizon is defined as ∆s =
∫ r0
r+
X−1/2dr.
17To generalize the non-rotating wormhole metric (2.4) to the rotating, non-extremal case, we can simply
change X(r) by taking r+ → rλ in the BTZ metric (2.1), while leaving Y (r) and Nϕ(r) unchanged.
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Relating distance to entropy. As we mentioned above, an important question to
ask is: at what distance from the (would-be) horizon should we expect microstructure
to arise? For the wormholes we consider, the two most obvious options for the location
of the structure (i.e. the wormhole throat) are either perturbative or non-perturbative
corrections.
By perturbative corrections, we mean a wormhole parameter λ (and thus distance to
the horizon) that scales as λ ∼ GN , while non-perturbative is taken to be exponential in
the gravitational coupling. Through the Bekenstein-Hawking entropy of the BTZ black
hole,
SBH =
pir+
2GN
(6.12)
we can also interpret perturbative corrections as scaling with the black hole entropy as
λpert ∝ 1/SBH, while non-perturbative corrections have λnon−pert ∝ exp(−αSBH) for some
dimensionless constant α.
Using holography, one could also consider the CFT central charge c instead of GN . By
the Brown-Henneaux central charge relation
c =
3R
2GN
(6.13)
we could also have defined perturbative corrections as λ ∼ 1/c, while non-perturbative
corrections are λ ∼ exp(−ac) for some constant a. These relations are explored in [61].
These two viewpoints are related through the Cardy formula for the CFT entropy, SBH =
2pi
√
cE/6, where E = (c/6)(r+/R)
2 is the energy of the state in the CFT. We will choose
to work with the entropy as opposed to the central charge as this interpretation does not
necessarily hinge on the existence of a CFT dual.
Extra input from microstate geometries For a wormhole, we cannot directly de-
termine the relation of λ to GN or the entropy. Instead, we will use an indirect route
of comparing our wormhole toy model to black hole microstate geometries. Recently, the
travel time for a scalar wave packet in superstrata was considered in [43]. The travel time
from the boundary to the cap is determined by the mass gap Egap = (N1N5)
−1 [94, 96, 93],
the energy of the lowest energy excitation down the throat of the supersymmetric solution:
∆tmicrostate ≈ E−1gapRy = N1N5Ry . (6.14)
For our extremal wormhole, we found ∆t = 2Lλ =
4R2
r+λ2
. Equating these two travel times,
we find
λ2 ∝ 1√
N1N5NP
∝ 1
SBH
, (6.15)
where we used R = (Q1Q5)
1/4, r+ =
√
Qp,
Q1Q5
QP
= N1N5
NP
R2y, and the entropy of the BMPV
black hole with the same charges of the microstate is SBH = 2pi
√
N1N5NP .
18
Imagine now that we add a small amount of non-extremality to the microstate, for
instance by adding a small number of anti-branes down the D1-D5-P throat (or, equiva-
lently, right-movers in the CFT dual to the BTZ solution). The black hole then becomes
near-extremal, and the behavior of travel time becomes logarithmic in λ. However, we do
not expect such a small change to the superstratum geometry to drastically change the
18We used that the (1, 0, n) superstratum with parameter b a has nearly-vanishing quantized angular
momentum jL, such that the entropy is given to excellent approximation by SBH = 2pi
√
N1N5NP − j2L ≈
2pi
√
N1N5NP , see [97, 43].
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travel time, so we assume it is still proportional to the mass gap Egap
19 Then, assuming
that at leading order the non-extremality does not alter the relation (6.14), nor the rela-
tions between R, r+ and the charges N1, N5, NP , we find that equating ∆tmicrostate = 2Lλ
(see eq. (6.7)) leads to
log
16
λ2
∝
(
1− r
2
−
r2+
)√
N1N5NP ∝ S , (6.16)
Hence, we have that:
λ ∝ e−αSBH (6.17)
This exponential suppression of λ suggests that the ‘closeness parameter’ ε ∝ λ4 can be
interpreted as being sub-planckian, even though the microstate geometry itself is well-
behaved in the supergravity limit. However, note that this prefactor α ∼ 1− r2−/r2+, which
is in principle small near extremality. One can conjecture that (6.17) still remains valid
further away from extremality (with α ∼ O(1)); it would be interesting to investigate
whether this is indeed the case in future work.
6.2 Does a Typical Black Hole Microstate Have Gravitational
Wave Echoes?
Following Betteridge’s law, the answer to the question in the title is: most likely, no.
There have been many studies of black hole mimickers giving rise to discernible echo
structure in the post-ringdown gravitational wave signal, coming from the partial or com-
plete reflection of the wave around the would-be horizon scale — see for example [99, 100,
6, 64, 63]; there have even been serious attempts to find echoes in existing gravitational
wave signals [3, 14, 15, 17, 22, 23].
As we discussed above in section 6.1, the (quantum) corrections to the (non-extremal)
geometry are expected to be exponentially suppressed as e−αSBH , so one might immediately
conclude that such corrections can never be measureable. How, then, could we expect to
see these echoes?
The answer is simple: in the echo time, we pick up a logarithm, such that ∆t ∝ log λ ∝
1/SBH and corrections to the travel time are perturbative. Thus, there is a clear difference
between geometric corrections and the corrections to observables such as echoes in wave
response.
However, if we are to interpret the black hole mimickers (such as the Solodukhin worm-
hole studied here) as serious candidates or toy models of black hole microstates, then a
typical black hole microstate would be an arbitrary superposition of such states. One such
state, described by one particular value of λ, indeed has large corrections and an observable
echo signal. But when forming a typical state by superposition of many such states, one
gets exponential suppression of the amplitude of subsequent echoes by interference.
As we discussed in sections 5.2 and 5.3, echoes in an asymptotically AdS spacetime
have a direct counterpart in the two-point correlator of the dual holographic CFT, where
many results are known that describe in detail the expectation for the behaviour of such
correlators. Generically, one expects to find that the behaviour of this correlator in a
thermal unitary quantum field theory has the following features [101, 102]:
19Note that Egap is still meant to be the SUSY mass gap, and should not be confused with the mass
gap of excitations above the near-extremal solution, which is expected to scale as e−SBH . This introduces
a new scale that should be decoupled from the travel time itself, as it is related to jumps in energy to
different microstates, see [98].
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• at early times, the correlator decays exponential as 〈OO〉 ∼ exp
(
−2pi 2∆
β
t
)
(where
∆ is the scaling dimension of the operator O);
• after the initial falloff, there are random fluctuations; these are suppressed by the
entropy as 〈OO〉 . e−S/2;
• at very long time scales there is a (Poincare´) resurgence expected, at a time that
scales doubly exponential with the entropy.
Can we recreate this behaviour by performing a statistical average of microstates with
supergravity duals? For realistic microstates of the BMPV black hole, performing such
an averaging is beyond current technology; only certain atypical states have known super-
gravity duals. However, using the Solodukhin wormhole as a toy model for microstates, we
can consider an ensemble of wormholes with different λ parameters, and give some crude
estimates for the generic expectations of the correlator in a typical state.
h
δ
〈λ|O(t)O(0)|λ〉
t
2Lλ
e−aS
S
ee
S 4Lλ
(a) Single λ geometry
e−aS
S
b
S
〈Ψ|O(t)O(0)|Ψ〉
t[. . .]
ee
S
(b) Random superposition of λ geometries
Figure 7: Rough sketch of correlator in a single wormhole geometry |λ〉, and in a typical
state |ψ〉, which is a random superposition over many such wormhole geometries
A microcanonical ensemble Denote a single Solodukhin wormhole state as |λ〉 with
throat length Lλ = −2r0 log λ, and assume that for any two such states we have 〈λ′|λ〉 =
δλ,λ′ .
20 We will be interested in two-point functions of a (light) scalar operator Φ in these
states; we assume Φ is light enough so that it does not deform the (heavy) state |λ〉
much, meaning also 〈λ′|Φ(t)Φ(0)|λ〉 ≈ 0. Following the general structure of the two-point
functions we have found (see section 3.4, especially (3.40)), let us assume here a schematic
two-point function of the form:
〈λ|Φ(t)Φ(0)|λ〉 = G0(t) +
∞∑
n=0
G1(t− 2nLλ), (6.18)
where GBH(t) = G0(t) + G1(t) is the corresponding black hole correlator, which peaks at
t = 0 and then quickly decays (see the bullet points above). The n > 1 terms are those
that give the “echoes” at late times, starting with the first echo at t ≈ 2Lλ.
Now, we assume the black hole can be described by a microcanonical ensemble of such
wormhole states |λ〉 with λmin ≤ λ ≤ λmax and corresponding throat lengths Lλ,max, Lλ,min.
We assume λmin  λmax  1 (and so r0  Lλ,max  Lλ,min). The number of states that
20If the states |λ〉 are more accurately described as coherent states (which would be natural for classical
supergravity solutions), then their overlap would be exponentially small but not zero.
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spans this ensemble is #({|λ〉}) = eS, where S is the black hole entropy. A generic state
in the microcanonical ensemble is given by:
|Ψ〉 =
∑
{|λ〉}
bλ|λ〉, (6.19)
where bλ are randomly selected
21 complex numbers such that
∑
{|λ〉} |bλ|2 = 1. This implies
that on average |bλ|2 ∼ e−S. Then our assumptions imply:
〈Ψ|Φ(t)Φ(0)|Ψ〉 =
∑
{|λ〉}
|bλ|2
(
G0(t) +
∞∑
n=0
G1(t− 2nLλ)
)
= GBH(t) + G˜mc1 (t), (6.20)
where we have defined G˜mc1 (t), the deviation from the black hole correlator. We are in-
terested in the behaviour of G˜mc1 (t) at late times. Let us model G1 by a simple theta
function of height h and width δ, which captures the fact that the correlator GBH(t) is
peaked around t = 0 and small for late times, see figure 7a:
G1(t) = h[Θ(t− δ)−Θ(t+ δ)], (6.21)
so that:
G˜mc1 (t) =
∑
{|λ〉},n>0
|bλ|2h [Θ(t− 2nLλ − δ)−Θ(t− 2nLλ + δ)] (6.22)
≈ he−S
∑
n>0
(λ1,n − λ0,n) = he−S
∑
n>0
(
exp
(
−t− δ
4nr0
)
− exp
(
−t+ δ
4nr0
))
(6.23)
where we have used |bλ|2 ∼ e−S and λ1,n (resp. λ0,n) are the largest (resp. smallest)
possible λ for which the theta functions in (6.22) don’t vanish. The sum over n has a finite
range as we must have that λmin ≤ λ0,n < λ1,n ≤ λmax. This gives:
t+ δ
2Lλ,min
≤ n ≤ t− δ
2Lλ,max
. (6.24)
We now approximate the sum over n in (6.23) by an integral and use t δ and Lλ,min/max 
r0 to find:
G˜mc1 (t) ≈ hδe−S
(
e−Lλ,max/(2r0)
Lλ,max
− e
−Lλ,min/(2r0)
Lλ,min
)
≈ hδe−S λmax
Lλ,max
, (6.25)
where we used Lλ,min  Lλ,max and λmax  λmin. Equation (6.25) shows that the correla-
tor is suppressed by e−S, λmax and L−1λ,max, such that G˜
mc
1 (t)/G˜
mc
1 (0) 1. The conclusion
is that the difference of the two-point correlator in the typical state |Ψ〉 from the black
hole correlator is negligibly small.
To determine more precisely the suppression of the correlator in terms of the entropy,
one should keep in mind that S and λmax are related in some way that we have yet to specify
in our crude model. For example, if the states {|λ〉} differ in λ by some constant spacing
∆λ, we find eS = λmax−λmin
∆λ
≈ λmax
∆λ
. The exponential factors in the entropy then cancel
and our correlator is only polynomially suppressed in the entropy: G˜mc1 (t)/G˜
mc
1 (0) ∝ b/S,
for some positive constant b. By contrast, if we assume the scaling of λ with the entropy S
in equation (6.17), then the suppression is e−aS/S for some positive constant a, see figure
7b.
This simple crude calculation in our toy model has shown us the generic expectation
for typical black hole microstates: any “echo structure” that might be found in individual,
highly non-typical microstates (here, in any single state |λ〉), is generically washed away
in a typical state that is a random superposition of these states.
21More precisely: chosen with the Haar measure.
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Recurrence time Instead of studying G˜mc1 (t) at a generic (late) time as we have done
above, we can ask the reverse question: at what time tR do we expect to find G˜
mc
1 (tR) ≈ h,
i.e. having an amplitude peak similar to the original (black hole) peak at t = 0. To have
such a recurrence at a time tR, we need that approximately all the states in the ensemble,
λi ∈ {|λ〉}, satisfy:
tR − 2niLλ,i − δ ≤ 0 ≤ tR − 2niLλ,i + δ, (6.26)
for some collection of integers {ni}. This means that, for every pair i, j, we need:∣∣∣∣niLλ,iδ − njLλ,jδ
∣∣∣∣ ≤ 1. (6.27)
Unless there is a special way the ensemble {|λ〉} is constructed, the λi’s and thus the Lλi ’s
will generically be random; together with δ  Lλ,max this implies the solution must be
(multiples of):
ni ≈
∏
j 6=i
Lλ,j
δ
. (6.28)
Then:
tR ≈ 2niLλ,i ≈ 2δ
∏
i
Lλ,i
δ
. (6.29)
If we take Lλ,max = Nδ (with N  1), then we can give a bound on tR as:
tR ≥ (2δ)N eS , (6.30)
which gives the expected characteristic doubly exponential behaviour, see figure 7b.
To conclude, we have seen that even our very crude toy model of averaging over mi-
crostate geometries, the correlator behaviour matches remarkably well with the generic
QFT expectations we discussed above:
• At early times, the decay is exactly the same as the one for a black hole, since the
n = 0 contribution of (6.18) is precisely the black hole correlator, and is independent
of the particular heavy state |λ〉).
• After the initial decay, there are “random” fluctuations due to the individual mi-
crostate in question, given by (6.25). The smallness of these fluctuations depends on
the specifics of the distribution of λ’s within the ensemble, and so depends on the
details of our toy model.
• For an ensemble of appropriately random |λ〉’s, the recurrence time (6.29) is indeed
doubly exponential in the entropy.
In a more realistic model, such as superstratum microstate geometries, one would have
more parameters to consider (other than just λ as in the wormhole). Moreover, the echoes
for most microstates will not necessarily be equally spaced or clearly discernable between
microstates. Also, it is not obvious that the contribution from off-diagonal terms in the
correlator is negligible — here, we simply assumed 〈λ′|λ〉 ≈ 0. These are all interesting
open questions that we would like to return to in future work.
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